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— Model validation (EFRER, EEEER)

— Profile validation (Eih#)
Fig. 2 Validation Hierarchy Illustration for an Aircraft Wing
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Fig. 3 Schematic of the Hollow Tapered Cantilever Beam
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d2 d?
—E(El(x)—zw(x)) — (.X), DQsxs L,
dx dx
dw d*w d?
w0) = —| = fEIO0)—| ,|El(x)—w(x) =0,
dx| dx*| _ dx? _
x=0 x=0 =L,
—| EI{x)—wix -
x=L
1 X 2 ' 12
I(x) = 5ibo (1 - aT| W - |bg |1 - aF| -2t |7 -2
(x) = 7510 ( L) 0 T | ]
where . L = length of the beam
bo = width at the support g(x) = distributed load in the y-direction
E = modulus of elasticity of the beam material t = wall thickness
fr = flexibility of the linear rotational spring w(x) = beam deflection in the direction normal to the
restraining the beam at its constrained end undeformed centerline
h = depth of the beam x = measured from the supported end
I(x) = area moment of inertia of the beam a = taper factor 1-(tip width)/(base width)

(ASME, 2012)
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— Order of accuracy, p

Wexact = Wy + AR + HO.T.as h = 0 (4)

where
A = constant

H.O.T. = higher order terms, which tend to zero
faster than the lowest order error term (the
second term on the right) as # tends to zero

= grid size
Wexact = exact solution
= numerical solution at grid size h

o=
|

&
|

(ASME, 2012)
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Fig. 7 Errors in Normalized Deflections

- O—KiREE

The analytic solution of a linearly tapered, uniformly
loaded cantilever beam has been derived by integration
of eq. (3); with 4 = constant. The resulting normalized
transverse deflection for a beam that tapers linearly in

width is
El, 1 1 Ty (1 «x x
¢ o) =5 (5‘1)[Z+(3_Z)l”(l_af)] )

The taper factor a for the problem at hand is 0.5,
so from eq. (5) the exact normalized tip deflection is
% — In(2) = 0.14018615, which will be the basis for code
verification comparisons.

Table 1 Normalized Deflections

ElQW/QLA
Number of Elements Initial Coding Final

2 0.13281250 0.14642858

4 0.13549805 0.14172980

8 0.13769015 0.14057124

16 0.13890418 0.14028238

32 0.13953705 0.14021021

64 0.13985962 0.14019217

128 0.14002239 0.14018766

Error in Elyw/qL*
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T LB

)

E TR

4 FLLEE

\
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1 | D A A 7 I I N |
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Number of Elements

—@— Initial coding
—ll— After correction (ASME, 2012)
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wz-wl_hﬁ—hﬁ
w3—w2_h;27_hg

(6)

where now the subscripts 1, 2, 3 refer respectively to
the finest, intermediate, and coarsest numerical solu-
tions for the SRQ of interest. This is a transcendental
equation that may be solved for p by any suitable numer-
ical method. Although certainly not necessary, in some
cases it may happen that the grid refinement ratio is
constant (i.e., hy/hy = h3/hy = r) in which case eq. (6)
can be solved in closed form to yield

w3 — Wy
Wy — un

p= ln( )/ln(r) (7)
Once p is determined, eliminating A from the two
finer mesh instances of eq. (4) leads to

- W

_— 8
/Y - 1 ()

Wexact = W1

This value of wey,e is a Richardson extrapolation based
on three grids. [Although neither w; nor h; appears
explicitly in eq. (8), they both implicitly affect p through
either eq. (6) or eq. (7).] Equation (8) can be easily
rearranged to provide an estimate of the numerical error
in the fine-mesh solution w,, by rewriting it as

&

T - 9
talbay -1 " &

Wexact — W1

where

€ = (w —wy)/w

Richardson extrapolation
(JFv—kVw5)

(ASME, 2012)
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For some purposes eq. (9) may be all that is needed
to estimate the numerical error in the fine-grid solution.
However, to standardize reporting of numerical error
estimates, Roache [5] defined a grid convergence index
(GCI) based on the right side of eq. (9), and it has been
fairly widely adopted in the computational fluid
dynamics community. Dividing eq. (9) by w; and multi-
plying by a factor of safety F, (which Roache takes as
1.25 for “convergence studies with a minimum of 3 grids
to...demonstrate the observed order of convergence...”),
one obtains the GCI: "

€

GCl = F,———— (10)
(hp/ Y =1

Thus the GClI is a dimensionless indicator for the mesh
convergence error relative to the finest-zoned solution.
Specifically, when multiplied by the finest-zoned solu-
tion, it provides the width of an error band, centered
on that solution, within which the exact solution is very
likely to be contained. Its validity rests on the assump-
tion that the numerical solutions from which p was
determined are in the asymptotic convergence range. In
terms of the GCI, the error band is w;(1 = GCI).
Equation (10) can be used for any discretization method
with any order of spatial convergence. The only other
requirement for eq. (10) is that i, < h;,. It is also recom-
mended that successive grid refinement be greater than
1.3 (i.e., by /By > 1.3).

Table 2 Numerical Solutions for Tip Deflections

Number of
Grid Number Elements h, m w, mm
3 4 0.5 13.098739
2 8 0.25 13.008367
1 12 0.16666667 12.991657
Surrogate for 200 0.01 12.978342

exact solution

Using the first three of these displacements in eq. (6)
and solving for p yields p = 2.00256154.

Since this is so close to the theoretical value of 2, the
solutions are judged to be in the asymptotic convergence
regime. From eq. (10) with F; = 1.25, we have GCI =
0.00128381. The error band defined by this GCI about
the fine-zoned solution w; is (12.9750, 13.0083) mm. The
last line in Table 2 lists a 200-zone solution, which we
regard as a surrogate for the exact numerical solution,
and note that it does indeed fall within the GCI-defined
interval.

Grid convergence index

(8 FUNRIER)

(ASME, 2012)
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Illustration of the Basis of the Area Metric

Experimental CDF

Model CDF

Area

System Response Quantity

The area metric M™? is the area between the experi-
ment and model CDF [3], normalized by the absolute
mean of the experimental outcomes. Thus, if Fsg(y) is
the CDF of either the model-predicted or measured SRQ
values, then

1 3 %
MSRQ _ |%expl J fFSRQmOd(y) — Fspoexe(y)| dy 1)

where
SRQ™P = the mean of the experimental outcomes

(ASME, 2012)
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Table 3 Measured Beam-Tip Deflections From the Fig. 9 Empirical CDF of the Validation Experiment

Validation Experiments Data
Test Number, i Tip Deflection, w;***, mm 1
1 -16.3 0.9 -
2 -15.5 08 -
3 -16.1
4 -14.8 0.7 A
5 -14.4 0.6 -
L

6 ~15.0 H 08
7 -15.3
8 ~15.4 0.4 1
9 -15.6 0.3 -
10 -15.2

0.2 -

0.1 -

0 - T T T T

—-0.0165 -0.016 -0.0155 -0.015 -0.0145 -0.014
Tip Deflection, m

(ASME, 2012)
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Table 4 Test Measurements of the Modulus of
Elasticity, £
Test Modulus, £, GPa

69.1
68.8
/4.4
72.6
749

L% 5 B RS R N

67.5
74.1
68.3
71.0
63.2

O O 00 N O

(ASME, 2012)



Frequency

ASME V&V (Model V&V)

© REERER MHEER

Fig. 10 Random Variability in Modulus, E, Used in the Computational Model
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Table 5 Test Estimates of the Support Flexibility

Test f,, rad/N-m x 1077
1 8.5
2 8.2
3 8.1
4 8.4
5 7.8
6 7.7
7 8.8
8 8.6
9 8.6

10 8.1

11 8.6

12 8.8

13 8.5

14 8.0

15 9.3

16 8.1

17 9.3

18 8.1

19 8.3

20 8.3

(ASME, 2012)
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Fig. 11 Random Variability in Support Flexibility, f,, Used in the Computational Model
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Fig. 12 Input Uncertainty Propagation Process
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Fig. 13 Computed CDF of Beam Tip Deflection
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Fig. 14 CDF of the Model-Predicted Tip Deflection, Empirical CDF of the Validation Experiment Tip Deflections,
and Area Between Them (Shaded Region)
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