A simple method to describe stress path dependency of plastic flow
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ABSTRACT
According to the classic theory of plasticity, the direction of plastic flow (direction of plastic strain increments) is
independent of the direction of stress increments. This means that the stress-dilatancy relation (stress ratio-plastic
strain increment ratio relation) is not influenced by the stress path. However, it is experimentally pointed out that the
stress-dilatancy relation of soils depends on the stress path except for the stress condition near or at failure. In the
present research, we have proposed a method of expressing the stress path dependency of the direction of plastic
strain increment in a simple and rational way without increasing the number of parameters, which is applicable from
normally consolidated soil to structured soil. The validity and necessity of the proposed method are clarified through
analysis of element tests and deformation analysis of embankment ground.
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1 INTRODUCTION
To describe the stress path dependency of plastic
flow, usually double hardening theory and tangential
plasticity theory are employed. However, in these
theories, plural sets of yield functions and hardening
parameters and additional coefficients of tangential
plasticity are necessary which makes constitutive model -2.0
complex and needs more material parameters.
One of authors tried to explain such behavior by
splitting the plastic strain increment into two
components – one is the plastic strain increment which
satisfies the associated flow rule and the other is the
isotropic plastic strain increment with the increase of
mean stress - despite one set of yield function and
others (Nakai and Hinokio 2004). However, this
formulation was not obtained in a robust fashion. In the
present paper, the authors present alternative and
rational formulation of splitting strain increment. Here,
although the plastic strain is split into two components
in the same way as before, the present formulation is
done where the combined plastic volumetric strain,
which is the hardening parameter, is always the same as
that of the model obeying associated flow rule. As a
result, the loading condition remains same as that of the
model obeying associated flow rule.
2 STRESS PATH DEPENDENCY OF THE
DIRECTION OF PLASTIC FLOW IN SOIL
Fig.1 shows the observed relations between stress
ratio and strain increment ratio of triaxial compression
Fig. 1. Observed stress ratio – strain increment relation of
normally consolidated clay.
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and extension tests on normally consolidated
Fujinomori clay under various stress paths (constant
mean principal stress (p), constant major principal
stress (1), constant minor principal stress (3), and
constant principal stress ratio (R=1/3). Diagram (a)
shows the arrangement based on the stress parameters
(p, q) and the strain increment parameters (dv, dd),
which are commonly used in Cam clay type model.
Diagram (b) shows the arrangement based on the stress
parameters (tS, tN) and the strain increment parameters
(dN, dS) based on the tij concept (Nakai and Mihara
1984). It can be seen form diagram (a) that the
arrangement using ordinary stress and strain increment
parameters not only depends on compression or
extension, but also greatly influenced by the stress path.
On the other hand, in the arrangement based on tij
concept, though there is no difference between
compression and extension, the strain increment ratio
still depends on the stress paths except near and at peak
stress. Here, although it is arranged by total strain, it
does not change much, even if it is arranged only by
plastic strain. In Fig.1, the strain increment ratio
deviates leftward when the mean stress increases
(3=const. and R=1/3=const.), and the strain

increment ratio deviates rightward when the mean
stress decreases (1=const.). Here, deviating leftward
means that the occurrence of deviatoric strain is smaller,
and deviating rightward means that the occurrence of
deviatoric strain is larger for the same volume change.
This stress path dependency was reported on sand as
well (Tatsuoka 1978)
Fig.2 shows the relation between the stress ratio and
the plastic strain increment ratio (stress-dilatancy
relation) of (a) Original and Modified Cam clay model,
and (b) Subloading tij model (AF) (Nakai and Hinokio
2004) satisfying the associated flow rule in tij space,
respectively. In the model with stress parameters (p, q)
like the Cam clay model, the relation of diagram (a) is
assumed to be determined uniquely regardless of the
intermediate principal stress and stress path. In the
Subloading tij model obeying the associated flow rule
(AF), it is assumed that the relation in diagram (b)
holds uniqueness regardless of the intermediate
principal stress
XXXXX and the stress path.

consolidation line (NCL) of the same stress state, and it
is a state variable representing the density of the
material, 0 is its initial value. The evolution rule of 
with the development of plastic deformation for
structured soils can be determined not only by the state
variable  related to density but also by the state
variable  representing the bonding effect with an
imaginary increase of density, and the value of the state
variable  has an additional effect on the degradation
of  (Nakai et al. 2011; Nakai 2012).
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Using the consistency condition (df=0) and the flow
rule (associated flow rule in tij space: dijp=･(F/tij)),
the plastic strain increment and the plastic volumetric
strain (increment of hardening parameter) are given by
the following equations.

To describe the stress path dependency in general
three dimensional conditions, Subloading tij model
(Nakai et al. 2011; Nakai 2012) obeying the associated
flow rule (AF) is extended here. Fig. 3 shows the yield
surface of Subloading tij model, which considers not
only the intermediate principal stress but also density
and bonding, is expressed by the following equation as
the function of the mean stress tN and the stress ratio
X=tS/tN.
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Fig. 3 Explanation of Subloading tij model

3 MODELING OF STRESS PATH
DEPENDENCY ON THE DIRECTION OF
STRAIN INCREMENT
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Fig. 2 Stress-dilatancy (a) Cam clay model, (b) tij model
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In Eq.(1), e0 is the initial void ratio,  is the
compression index,  is the swelling index, (X) is the
function of the stress ratio X and determines the shape
of the yield surface in Fig. 3(a) ( is the corresponding
parameter), and M* is determined from the stress ratio
RCS at the critical state. In addition, as shown in Fig.
3(b),  represents the difference between the current
void ratio e and the void ratio eNC on the normal
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Now, the plastic volume strain, which is the increment
of handing parameter, of (AF) model is transformed by
adding and subtracting the same terms.
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Then, plastic strain increment is expressed as follows
by changing indices mm to ij：
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Here, as shown in Fig. 4, F tkk  tN 3 is a positive
decreasing function of stress ratio X, which is 1 at X=0
(isotropic stress), because F tkk X  0  3 t N . Also,
“A” is the positive coefficient which corresponds to the
inverse of plastic modulus hp under isotropic
compression.
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Fig. 5 Direction of plastic strain increment

The total strain increment can be determined by
adding the elastic strain increment obtained from the
nonlinear elastic equation (using swelling index  and
Poisson's ratio) to the plastic strain increment of Eq.
(5).
4 SIMULATION OF ELEMENT TESTS
Analyses are done using the same material parameters
listed in Table 1. Here, 0 and b are not necessary for
non-structured soil.
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Fig. 4 Function determining isotropic compression (IC) component
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It can be seen from the above formulation that the
plastic strain increment is isotropic component alone
under isotropic compression, and isotropic component
becomes relatively small with increasing stress ratio X.
Functions G and Q in Eqs. (2) and (6) are the
monotonically increasing functions of density () and
bonding (), and the evolution rules of  and  can be
depicted as.
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Fig. 6 shows the computed results corresponding to the
observed values in Fig.1(b), which shows good agreement
between the computed and
results. The thick
X≡tS/tobserved
N
solid gray line shows the relation in Fig. 2(b).
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Fig. 5 explains how yield surface and plastic strains
are generated in the (tN, tS) space. For example, when
the stress changes from the current stress (point A) to
the point B (dtN <0) or when it changes to the point C
(dtN > 0), the plastic strain increment is obtained from
the sum of the associated flow rule component and the
isotropic compression component, regardless of an
increase or decrease of tN. Furthermore, if the
succeeding loading surfaces are same in both points B
and C, the generated plastic volumetric strain for this
part will also be the same, and it is consistent with the
associated flow rule model. As a result, the loading
condition can also be the same as that of the associated
flow rule (AF) model, as shown by the following
equation.
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Fig. 6 Computed stress ratio – strain increment ratio relation

Fig.7 shows Ko values with axial strain obtained
from different model. It is loaded from an
over-consolidated state (OCR=2.9) which finally
reaches to the normally consolidation state. Ko value of
the Original Cam clay model (thin dotted line) is large,
and for the Modified model (thin solid line) still it is
about 0.6. Also, Subloading tij model obeying the
associated flow rule (thick broken line; tij(AF)) over
predict K0 value. On the other hand, K0 value predicted
by Subloading tij model (AF+IC; Alt.), which considers
the stress path dependency, is around 0.5 in normally
consolidated state.

Fig. 8 shows the computed results of isotropic
compression and undrained shear tests on structured clay.
Shear tests are started from the ○ marks in diagram (a)
at p0=98kPa, 1440kPa. The isotropic compression curves
are the same regardless whether the (IC) component is
considered or not. However, in the analysis without
considering the (IC) component, the deviatoric strain for
undrain shear at po=1400kPa is significantly smaller.
1
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(AF+IC; Alt.) model, though lateral displacement
increases slightly at the lower part of the ground, hardly
any change is seen in the lateral displacement at the upper
part of the ground during the dissipation of the excess pore
water pressure (rather a return to the embankment side is
seen). The trend of the results corresponds to that
commonly observed at the site of clayey ground. Usually,
in deformation analysis of embankment ground, the
amount of settlement is somewhat similar, but the amount
of lateral displacement is always predicted excessively
(particularly in the consolidation period), this is due to the
path dependency of the direction of strain increment is not
taken into consideration in constitutive models.
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Fig. 7 Computed K0 by four kinds of models

• Material of ground : Fijinomori clay
(gsat=18.7kN/m3)
• Material of fill : Toyoura sand
(gt=15.4kN/m3)

0.80

Void ratio, e

NCL
(AF+IC; Alt.), (AF)

• Height of embankment = 4m
• Water level : ground surface
• Permeability of ground = 0.01m/day

5

Depth (m)

0
0

10

15m
Initial distribution
of OCR

• Term of filling = 5days

0.60

• Term after filling = 1000days

15

2

4

6

OCR

8

10

Fig. 9 Layout for the simulation of embankment
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Fig. 8 Results of consolidation test and undrained triaxial tests

5 SIMULATION OF EMBANKMENT GROUND
Fig.9 illustrates the layout of the embankment to be
analyzed using associated flow rule (AF) and the model
considering the dependency of the stress path (AF+IC;
Alt.). The clayey ground without bonding is made by
simulating self-weight consolidation. Fig. 10 shows the
surface settlement profiles and lateral displacement below
the toe of the embankment immediately after completion
of the embankment and after 1000 days (after complete
dissipation of the excess pore water pressure of the
ground). It is found that just after soil fill, there is no
significant difference of the results (surface settlement and
lateral displacement) obtained from both models.
However, settlement right below the embankment is a bit
smaller in the subsequent process of dissipating the pore
water pressure in the (AF+IC; Alt.) model, though, there is
no big difference around the toe of the embankment in
both models. However, looking at the lateral
displacements, in the (AF) model, the lateral displacement
increases during the pore water pressure dissipation. In the
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Fig. 10 Simulation results of the base ground of the embankment
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CONCLUSIONS

Without increasing any material parameter, a
method is proposed which can rationally explain the
path dependency on the direction of strain increment
which usually cannot be explained with an ordinary
elastoplastic model. Moreover, its validity has been
verified through element test and embankment analysis.
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