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SHEAR BEHAVIORS OF SAND AND CLAY UNDER
THREE-DIMENSIONAL STRESS CONDITION

Tervuo Nagar®* and HajiMme MaTsuoka**

ABSTRACT

The purpose of the present study is to explain the shear behaviors of soils under three—
dimensional stress condition uniquely, by extending the concept of the Spatial Mobilized
Plane (SMP) proposed previously.  From the reconsideration of the former stress-strain
model based on the SMP, new amounts of strain increments (degyp* and dT sup™) which
represent the normal and parallel components of the principal strain increment vector to the
SMP are defined. Then, a new stress-strain model under shear is proposed on the basis of
the idea that there exist unique relations among these new amounts of strain increments
and the shear-normal stressratioon the SMP. The validities of this stress-strain model and
the failure criterion based on the SMP are confirmed using the results of the triaxial com-
pression, triaxial extension and true triaxial tests on sand and clay. All the soil parameters
of this stress-strain model can be easily determined using the conventional triaxial compres-
sion tests.

laboratory test, sand, shear strength, stress

path, stress-strain curve (IGC : D6)

average under the three-dimensijonal stress
condition (Matsuoka and Nakai, 1974, 1977).
In the present study, a new stress-strain

INTRODUCTION

Many studies have been done concerning

with the characteristics of deformation and
strength of soils. However, most of them are
restricted in the behaviors of soils under
narrow loading conditions, and cannot explain
the deformation and strength characteristics
under general stress system uniquely. The
authors have attempted to develope a stress-
strain model for soil on the basis of “Spatial
Mobilized Plane (SMP)” where soil particles

are considered to be most mobilized on the

model under shear is proposed by extending
the previous model.

This paper is intended to account for the
shear behaviors of sand and clay universally
under the three different principal stresses.
Fig.1 shows the background of the present
study, which represents a series of studies
originating in the concept of the “Mobilized
Plane”.
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"Mobilized Plane"

Murayama(1964)
Murayama & Matsuoka(1973)

"Compounded Mobilized Planes(CMP)"
Matsuoka (1974b)

nSpatial Mobilized Plane(SMP)"
Matsuoka & Nakai(1974,1977)
A2
"Spatial Mobilized Planex(SMP*)"

present study

Fig. 1. Background of present study

(1) “Mobilized Plane”

In the case that three different principal
stresses (¢;, o, and ¢;) are applied, three
Mohr’s stress circles are drawn as shown in
Fig.2. The point at which a straight line
from the origin is tangent to the largest one
of these stress circles represents the stress
condition on the plane where the shear-
normal stress ratio (z/oy) is maximized. This
plane has hitherto been called the “Mobilized
Plane” or the “Plane of maximum mobili-
zation” (Murayama, 1964) and considered to
be a plane on which soil particles are most
mobilized, because the behavior of soil parti-
cles under shear is governed by the frictional
law, i.e., the shear-normal stress ratio. In the
three-dimensional space where the coordinate
axes I, II and III indicate the direction of
the major, intermediate and minor principal
stresses (@, o¢» and g;), respectively, the
“Mobilized Plane” is represented as the plane
AC in Fig. 3, which makes an angle of
(45° + @ mors/2) to the Ill-axis and is parallel
to the II-axis. The stress-strain equations
for soil based on the concept of the “Mobi-
lized Plane” (Murayama, 1964; Murayama

On

0 T3 O3 oi

Fig. 2. Three mobilized planes where
shear-normal stress ratio is maxi-
mized under respective two princi-
pal stresses

Spatial Mobilized Plane
Mobilized Planes /

Fig. 3. Three mobilized planes and Spatial
Mobilized Plane in three-dimensional
space

and Matsuoka, 1973) have been derived by
supposing that there exist basic relationships
among the shear-normal stress ratio and the
normal and shear strain increments on that
plane. However, the analytical soil behaviors
expressed by these equations are independent
of the intermediate principal stress g, since
the “Mobilized Plane” is governed only by
g, and g;.
(2) “Compounded Mobilized Planes
(CMP)”

In order to consider the effect of the inter-
mediate principal stress, one of the authors,
Matsuoka (1974b), introduced a concept of
three mobilized planes (the planes AC, AB
and BC in Fig.3) by taking note of the
points at which three straight lines from the
origin are tangent to the three Mohr’s stress
circles in Fig. 2. These three mobilized planes
on which the shear-normal stress ratios are
maximized between the respective two axes
(I-1I, II-III and I-III), have generically been
named the “Compounded Mobilized Planes
(CMP)”. Under the three-dimensional stress
condition, each of three principal strains is
assumed to be represented as the algebraic
summation of two components produced on
the corresponding two mobilized planes.

(3) “Spatial Mobilized Plane (SMP)”

Paying further attention to the plane ABC
with these three mobilized planes as the
three sides, the authors have defined it
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28 NAKAI AND MATSUOKA

as the “Spatial Mobilized Plane (SMP)”
(Matsuoka and Nakai, 1974, 1977). The
values at the points at which the SMP
intersects the three coordinate axes are pro-
portional to the square roots of the respective
principal stresses according to the following
equation

anf 154 B ) T s _ [0

2 1—sin ¢moij gy
(,7=1,2,3;izj) (1)
as shown in Fig.3. Therefore, the SMP

coincides with the octahedral plane in an
isotropic stress condition and is variable with
possible changes in the stresses. The direction
cosines (a;, a, and a;) of the normal of the
SMP are expressed as follows:

— /) Js -
a’b_" 61,'(]2 (Z—-1,2,3) (2)

where J;, J, and J; are the first, second and
third effective stress invariants and are ex-
pressed by the following equations.

Ji=0o,+0,+0,

J2=010,+0,0;+0,0, (3)

J3=0,0,0,
A stress-strain model under the three-dimen-
sional stress condition has been obtained based
on the idea that there exist unique relations
among the shear-normal stress ratio on the
SMP (zgyp/osyr) and the normal and shear
strain increments on the SMP (degyp and
dyswp), because the SMP is considered to
be the plane where soil particles are most
mobilized on the average in the three-dimen-
sional space.
(4) “Spatial Mobilized Plane* (SMP*)”

The stress-strain model proposed here are
derived by extending the above model based
on the SMP. The details of this model will
be discussed in the following section, and
were described in the previous paper in
Japanese (Nakai and Matsuoka, 1980).
Throughout this paper, the term “stress”

is to be interpreted as “effective stress”.

NEW STRESS-STRAIN MODEL UNDER
SHEAR BASED ON THE SMP

A stress-strain model for soil under shear

has already been proposed on the basis of
the idea that there exist unique relations
among the shear-normal stress ratio on the
SMP (rgyp/osyr) and the normal and shear
strain increments on the SMP (degyp and
dyswp). This model can explain various ex-
perimental results of shear tests (Matsuoka
and Nakai, 1974, 1977). However, strictly
investigated, there are some differences with
a trend between experimental results and
calculated values using this model. There-
fore, in this section, considering the deri-
vation process of this model, a new stress—
strain model is proposed by introducing new
amounts of strain increments based on the
SMP.

Fig.4 shows a cubical soil element and
the Spatial Mobilized Plane (SMP) in the
three-dimensional space, where I, II and
III axes represent the directions to which
three principal stresses o;, g, and ¢; are
applied, respectively. The normal stress on
the SMP (ogyp), the shear stress (rgyp) and
the shear-normal stress ratio (cgyp/osyp) are
expressed as follows using Eq. (2).
J
Je

_‘/(01_0'2>2“12022+ (6:—0y) %52
Tsup=
+ (03—0,)%5%;,°

(4)

Osnp=01a,"+0,a,>+ 030, =3

TTTer
= Hided o= 00 (5)
Tswe _ [T, J,—9J,
- 97, (6)

If the direction of the principal stresses and
that of the principal strain increments are

—

Fig. 4. Soil element and Spatial Mobilized
Plane in three-dimensional space
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SHEAR BEHAVIORS OF SOILS 29

assumed to be identical, the normal and shear
strain increments on the SMP (degyr and
d¥sup) are expressed by the following
equations.

dSSMP:d€1a12+d€2a22+d€3a32 < 7 )

dYSMp:/(del—d52)2412a22+ (dey,—de;) as*as?
2 + (dey—de,)%az’a,’?
(8)

It has been considered that the SMP is the
plane where soil particles are most mobilized
on the average, and the shear-normal stress
ratio on the SMP (rgyp/osup) governs the
sliding of soil particles in the three-dimen-
sional space, as mentioned before. According
to the former stress-strain model (Matsuoka
and Nakai, 1974, 1977), 7sup/0sur has been
ralated to the normal and shear strain incre-
ments on the SMP (desyr and dyswe)s
because the average sliding direction of soil
particles has been considered to coincide with
the direction of the strain increment vector
on the SMP. However, it has become clear
that the average sliding direction of soil
particles coincides with the direction of the
principal strain increment vector in the
strict sense (see Appendix). Therefore, it
is rather reasonable not to use the normal
and shear strain increment on the SMP
(desyr and dygyp) but to use the normal
and parallel components of the principal strain
increment vector to the SMP (degyp* and

d&

dez

Fig. 5. Amounts of strain increments
(degyp* and dygyp*) in principal
strain increment space

Fig.5 indicates the principal strain
in which the principal

dTSMP*)~
increment space,
strain increment vector c—i;:-:(dsl, dey, des)
is denoted by the vector OP. On the assump~
tion that the direction of the principal
stresses and that of the principal strain in-
degyp™ and dygue™,
which denote the normal component ON and
the parallel component NP of the vector oP
to the SMP respectively, can be expressed by
the following equation. ‘

dESMP*=d€1a1+dﬁ:2a2+d€3a3 < 9 )

drSMP*:/(de1a2"d€za1>2+ (desas—desay)?®
+ (desa,—deqas)?
10
In the present study, by introducing the new
amounts of strain increments based on the
SMP (degyp™ and d¥ ™) defined by Egs.
(9 and (10) instead of (degyr and dygue)
in Egs. (7) and (8), a new stress-strain model
under shear is derived.

Now, if the basic equations on the mobi-
lized plane derived by Matsuoka (1974 a,
1974 b) are assumed to hold among rgyp/osur
degyp® and dygyp* in the same manner as
among Tgyp/Oswup, desyr and dysye in the
former model, the following equations can
be obtained.

Tsmp . degyp™
Fal G ) LS
LSM_’_:A*.<.~ 8SMPZ>+#/* (12)
Osup SMP

<€SMP*=fd€SMP* and YSMP*ZdeSMP*>

where 2%, u* and p'* are the soil para-
meters. By solving the differential equation
obtained from Eqgs. (11) and (12), the follow-

ing equation is derived.

crements are identical,

) X—u*
Tsup®*=T7,"-exp <~,c7§:ﬁ,a—:“—> (13)

where X represents rgyp/ogye and 7,* is
the soil parameter. From Eqgs. (11) and (13),
dysye™ and degys® are given as functions
of the stress ratio.

To* X—u*
=g exe g ) 4%

‘iTSMI’>l< ,LL/*"“LL*
(14>
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30 NAKAI AND MATSUOKA

ur—X
e
(X=Toup/0sup)
The soil parameters (4%, p*, w/* and 7,%)
in Eqgs. (14) and (15) have the same pro-
perties as those (2, ¢, ¢’ and 7,) in the former
stress-strain model. Each of the parameters
A*, u* and u'* is considered to be nearly
constant for a given sample. On the other
hand, y,* is affected by the initial soil
structure and the confining stress, and is
empirically expressed by the following for-
mula using the mean principal stress g,
in the case that the initial structures of
samples are similar.

Ci‘rSMP* (15)

degyp™ =

To*=Tu*+Cy* logy ;m (16)
mni

where ¢,; is the basic value of g,, 7,*
is the value of y* at ¢,=0,; and Cg*
is a coefficient determined by the sample and
its initial structure.

The direction cosines of dsgyp* are equal
to a; (=1, 2, 3) given by Eq. (2), on the
assumption that the direction of the principal
stresses and that of the principal strain in-
crements are identical. If it is assumed that
the parallel component of the average sliding
of soil particles to the SMP coincides with
7sup in direction, the direction cosines of
dyrgup®™ are expressed by the following di-
rection cosines of zgyp.

g;:—0 o, J,—3J
p,=-21"9sup i 2 T
tor T Vo (s =97 47

(=1,2,3)
Accordingly, the principal strain increments

de; (1=1,2,3) can be calculated from degyp™*
using the following formula.

and dygp*
de;=a; degyp™ +b; - dV gyp*

= ‘/’EJ‘}; ‘degyp™
VoI,

(=1,2,3)

(18)
Substituting Egs. (14) and (15) into Eq. (18),
the principal strain increments due to shear
are obtained as the function of stresses and
the soil parameters.

SPECIMENS, APPARATUS AND TEST
PROCEDURE

Sand

The saturated Toyoura sand was used in
this investigation. The mean diameter of
the sand is 0. 2 mm, the uniformity coefficient
is 1.3 and the specific gravity is 2.65. The
maximum and minimum void ratios of the
sand are 0.95 and 0.58, respectively. Spec-
imens were prepared by pouring the satu-
rated sand into a mold in several layers and
compacting each layer with the rod whose
diameter was 6 mm so that the specimens had
a desired initial void ratio (e,=~0.68). It
was checked wusing isotropic consolidation
tests that the specimens prepared in this
manner had an isotropic initial structure.
In addition to the above specimens, the loose
specimens (e,~0.80) and the anisotropic
specimens (e,~0. 68) were also used partially
in this paper.

The tests on sand were the triaxial com-
pression and triaxial extension tests using
cylindrical specimens, and the true triaxial
tests using rectangular specimens.

(1) Triaxial compression and Triaxial
extension tests

Triaxial compression (¢,>0¢,=0;) and tri-
axial extension (¢;=0,>0;) tests were carried
out by employing the stress-controlled tri-
axial test apparatus in which axial and lateral
stresses were applied independently to the
specimen with bcm in diameter and 12cm
in height.

(2) True triaxial tests

True triaxial tests (o,=0,=0,) were
carried out by such type of true triaxial
test apparatus as shown in Photo.1, which
permitted application of three different prin-
cipal stresses to a specimen of 5cm x5cm X
10 em in size. One of two horizontal stresses
was applied by the chamber pressure, and
the other by a couple of rubber pressure
bags through the stiff plates suspended by
the rubber bands or the coil springs, as shown
in Fig.6. A vertical stress was transmitted
by a piston through the stiff plate. In the
present investigation, the accuracy of the
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SHEAR BEHAVIORS OF SOILS 31

Photo. 1. Whole view of true triaxial test
apparatus

——~—1 Piston

{ ]

Pressure

77 VA,
7 T
Fig. 6. Sketch of true triaxial test
apparatus

test was improved by contriving the method
of loading in the following way. The major
principal stress ¢; was applied by the pressure
bags in the chamber, the intermediate prin-
cipal stress g, by the chamber pressure and
the minor principal stress ¢; by the piston
at the top of the chamber. Therefore, the
effect of arching at the corners of specimen,
which was one of the shortcomings in such
type of apparatus, could be made small,
because when the horizontal loading plates
in the direction of ¢, moved toward the
specimen, the other vertical loading plate
in the direction of ¢; moved outward.
Moreover, the horizontal loading plates and
pressure bags were floated by the rubber
bands or the springs in the chamber so as
to reduce the effect of friction to the speci-
men.

The friction between the specimen and the

P
o)
OO
(]
iL
wo
W/ m
/ ’
/M
3>

Fig. 7. Stress paths on octahedral plane
for true triaxial test

loading plate was also reduced by the rubber
membranes and Teflon sheets coated with
silicon grease. All the tests were carried
out by means of stress—controlled method
under the drained condition.

In soil mechanics, the deformation of soil
caused by the change in stress ratio under
a constant mean principal stress is ordinarily
considered to be the deformation due to
shear. All of the triaxial compression, tri-
axial extension tests and true triaxial tests
were performed under constant mean prin-
cipal stresses. Fig.7 shows the stress paths
for true triaxial tests on the octahedral
plane (mean principal stress ¢, =196 kN/m?).
As shown in Fig.7, the radial stress paths
are named #=0°, 15°, 30°, 45° and 60° after
the angle of 6 between the ¢,~axis and the
respective radial stress paths on the octahed-
ral plane. #=0° and 6=60° corresponds to
the triaxial compression and triaxial exten-
sion conditions, respectively. The following
relationship exists among the angle of radial

stress path @ and the principal stresses
(g1, 0, and gy).
s (g:—0a3)
tanf=+3 (0= T lo—0D) 19

The path O-A-F indicates that the stress
point moves to ¢,/0;=3 along the straight
path 6=0° and turns its direction for 60°
as illustrated in the figure. The stress point
of the path O-B-E moves to o¢,/6;=3 along

NII-Electronic Library Service



32 NAKAI AND MATSUOKA

0=60° and turns its direction for —60°.

Clay

The specimen used in the tests are called
the Fujinomori clay (the liquid limit w,=
44.7%, the plastic limit w,=24.7% and the
specific gravity G,=2.65) and prepared as
follows. The powdered Fujinomori clay was
thoroughly mixed with water at a water
content of about 80%, and then the mixed
clay was consolidated one-dimensionally
under a pressure of 49 kN/m2 The specimens
were formed in the shape of cylinders of
3.5cm in diameter and 8cm in height. The
initial water content of the specimens was
nearly 40%.

The triaxial compression and triaxial
extension tests were carried out using the
conventional triaxial test apparatus. The
slotted filter paper on the circumference of
the specimen was not employed in the tests
so as to avoid the effect of tension of the
paper, though it was ordinarily used. There-
fore, the drainage of the specimen was
allowable only at the top and bottom of the
specimen. All the tests were carried out
by means of strain-controlled method under
the drained condition at a speed of the axial
strain rate £&,=5.5%X107*%/min which is a
sufficiently low speed for the drained tests.
The tests were performed under a constant
mean principal stress in the same manner
as the tests on sand.

EXPERIMENTAL ASSESSMENTS

Sand

The sand specimen used here implies the
above isotropic medium dense sand (e,~
0.68), if there is no special explanation about
specimen. Fig.8 shows the results of the
triaxial compression and triaxial extension
tests on the sand with respect to the relation
between rgyplosyp and degup*[dysyp® In
Eq. (11) (mean principal stresses ¢, =196
kN/m? and 392 kN/m?). Figs. 9 and 10 indicate
the results of the true triaxial tests on the
sand (0, =196 kN/m?). From these figures it
can be seen that all the test results are

IZ_SB;P]‘O
Osmp
- On= 196kN/m?2
— 0 comp,
— e ext. 0.5

Cm=392kN/mé —
O comp.
I./ [u]
| ext.
D o L i
-04 -03 -02 -01 0 01 02 03 04 05 06

_ de*§MP
dTe

Fig. 8. Relation between zyyp/ogyr and
degpp*/dyap® obtained by triaxial
compression and triaxial extension
tests on sand

sz_gm Cm=196kN /m?
1.0 T

Iy ‘sz‘/
et
N [e) !
!
od pe: L o

‘ # ° O 9=0° comp.
W & 15°
.C o 30
5 s

45
® 60° ext.
-03 -02 -01 4] 01 02 03 04 05 08 07
des

drdme

Fig’ 9. Relation between TSMP/GSMP and
degyp*/dysyp* obtained by true tri-
axial tests (stress path : §=const.)

on sand
%SSE}E- Crn=196kN/ m2
1.0 I
‘ | e
| 95
Y S
ol
0.
° o |
o L0 O-AF
. 7 l o O-B-E

-03 -02 -01 0 01 02 03 04 05 06 07
*

Tdriwe

Fig. 10. Relation between zgyp/osyr and
degyp*/dysyr™ obtained by true tri-
axial test (stress path: O-A-F and
O-B-E) on sand
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10
' 7% Om=392kn/m2
I
‘ OsMp e &P
o2
05 L
A o}"’f
;!O
Y /
o To
-04 -03 -0z -01 0 01 02 03 04 05 06
_ d€&e
drgﬁp

Fig. 11. Relation between rgyp/ogyr and
degyr*/dysyr* obtained by triaxial
compression and triaxial extension
tests on loose sand (e;~0.80)

10
Zsmp
Csup
|-Om= 392 kN/m?
t— 0 (P) comp, 0(0&"
- ® (Pext, 105 4
t— & (T)comp. dﬁ_ﬂ
i— & (TYext, a.{{a
-
a ./0
O N
-04 ~03 -02-01 O 01 02 03 04 05 06 07
_dEdw
dolwe
Fig. 12. Relation between zgp/ogyy and

degyp™®/dysyr*® obtained by triaxial
compression and triaxial extension
tests on isotropic and anisotropic
sand

arranged on a unique linear line in spite
of the magnitude of mean principal stresses
and the change of stress paths, and Eq. (11)
has a good estimate. The soil parameters of
the sand 2* and p* can be determined as
A¥*=0.9 and u*=0.27 from the values of
linear gradient and ordinate intercept of the
lines in these diagram. Fig.11 indicates the
results of the triaxial compression and
triaxial extension tests on the loose sand
(e0=0. 80) in the same arrangement as above.
Fig. 12 shows the results of the triaxial com-
pression and triaxial extension tests on the
isotropic sand and the anisotropic sands. In
this figure, the open and solid circles repre-
sent the isotropic sand which is the same as
indicated in Fig.8, and the open and solid
triangles represent the anisotropic sand in
which sand particles are arranged horizontally.

; 1.0
Zoct
Coct /
™ Om =196 kN/m2
O comp, ;_0.5
o ext
© Om=392kN/m2___|
Aw 0O comp,
omlo” B ext,
[ ]

-04 -03 -02 -O1 0 0t 02 03 04

_ d€oct
dfoct

Fig. 13. Relation between c./o,.; and
deyei/dyo.. obtained by same tests as
Fig. 8

7,
|
comp. 1 ext. 1 ]
6 COm=196 kN/m?] ®Om=196 kN/m2 ]

0Om=392 kN/n? BOm=392 kN/m?

o5 | 4 Pl
[ A

I A
1 ng

0 05 10 15 20 25 30 35 40

_d&;
dés

Fig. 14. Relation between o,/0; and de;/de,
obtained by same tests as Fig. 8

As can be seen from these figures, Eq. (11) is
affected by neither the void ratio nor the initial
structure of sand. Fig. 13 shows the results
of the same tests as in Fig. 8, arranged with
respect to the relation between the shear—
normal stress ratio on the octahedral plane
(Toet/ 0oer) and the normal-shear strain incre-
ment ratio on the octahedral plane (degyc,f
d7oc). Roscoe et al. have derived the follow-
ing relationship between stress ratio and
strain increment ratio using the equation of
energy dissipation (Roscoe et al, 1963; Scho-
field and Wroth, 1968). '

Toct — J?M_Z deoct

6003 3 dTOCt
However, it is not seen in Fig. 13 that the
results of triaxial compression and triaxial
extension tests are arranged on an unique
line. Fig.14 shows the results of the same
tests as in Fig. 8 with plots, and the theoret-
ical values derived from Eq. (11) with solid

(20)
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— 10 T 1

a1
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)307 Om=196kN/m On=392kN/rm?
.ﬁé/?] e o comp. J comp. -
] ® 2 e ext. W ext.
-04 -03 -02 -01 O 01 02 03 04 05 08§
*
_ Esmp
VéMP

Fig. 15. Relation between zgyp/ogyp and
egup™/rsup* obtained by same triaxial
compression and triaxial extension
tests as Fig. 8

Zsmp
Osmp

Cin=196kN/m?
-

3
4:‘%704

0.5[ ¢ 8= 0" comp.

15
30
| L5
| 60" ext.
~03 =02 =01 0 01 02 03 04 05 08 07
»*
~Esmp
Yimp
Fig. 16. Relation between rgyp/ogyr and
egnp®/rsur™ obtained by same true
triaxial tests as Fig. 9

ed

la ©

LN

@ b o > O

lines, with respect to the relation between
the principal stress ratio (¢, o;) and the
principal strain increment ratio (deg/de;)
according to the Rowe’s stress—dilatancy equa-
tion (Rowe, 1962). The theoretical values
explain well the difference of the observed
dilatancy characteristics between the triaxial
compression and triaxial extension conditions,

Fig.15 indicates the results of the same
triaxial compression and triaxial extension
tests as shown in Fig.8, with respect to the
relation between cgyp/osyr and egyp®/ysup®
in Eq. (12). Fig. 16 shows the results of the
same true triaxial tests as shown in Fig.9.
It is observed from these figures that Eq.
(12) as well as Eq. (11) holds uniquely
regardless of the stress paths on the octahed-

ral plane. The soil parameter u'* in Eq.

10 T 20
Om =196 kN/m2 2
2] o com "
ik e ex tl.J B8 3
N )%’/D—.‘ *3
] — v

o.sf // 1.0

OMO 2.0 30 70°

Wy (o)
Fig. 17. Relation among zgyp/osyr, 7sur*

and egyp* obtained by triaxial com-
pression and triaxial extension tests
(07, =196 kN/m?) on sand

o

T —

Om =392 kN /m2 2

n__{ 23 o comp, a8 a2 E

éig, a ext. }&/7 tj%
05 f(qw 1.0
0T 1.0 20 30 Z0°

Qmp(%)

Fig. 18. Relation among zgyp/Osupr, 7sur®

and egyp* obtained by triaxial com-
pression and triaxial extension tests
(6,,=392 kN/m?) on sand

(12) can be determined as u/*=0.41.

Figs. 17 and 18 show the relation among
Teup/Osups Ysup® and egyp® obtained from
the triaxial compression and triaxial exten-
sion tests under constant mean principal
stresses o0, =196 kN/m? and 392kN/m? re-
spectively. The plots represent the observed
values and the solid curves the values cal-
culated using Egs. (14) and (15). 2%, p*
and u'* of the soil parameters are deter-
mined from the arrangements in Figs. 8 and
15 as mentioned before. The parameters y,;*
and Cg* related to y,* are determined from
the arrangement of the relationship between
ro* and logje, obtained by more than two
tests under different mean principal stresses.
All the soil parameters of the sand are listed
in Table 1. Fig.19 indicates the results of
the true triaxial tests (§=0°,15° 30°, 45° and
60°) in the same manner as in Figs. 17 and
18. It is seen in this figure that regardless
of the stress paths the observed values are
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Orn=196kN/ mZL _—
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Fig. 19. Relation among zgyp/osyp, 7sur™
and sgyp* obtained by true triaxial
tests on sand

Tab]e 1. Values of all soil
parameters for sand
2 \ 0.9
p* [ 0.27
P i 0.41
et | o0y
7ok ’ Cco* | 0.066%
| omi | 98 kN/m?

plotted nearly on the same curves calculated
using the soil parameters in Table 1. Fig. 20
shows the results of the same tests as shown
in Fig.18 in terms of the relation among
Toct/ Toety Toes aNd 50 The test data arranged
on the octahedral plane vary from the
triaxial compression to the triaxial extension
conditions with a trend in the same way
as shown in Fig. 13, while the results are
uniquely analyzed in the case of Fig.18.

Fig. 21 shows the observed values and the
calculated curves for the triaxial compression
and triaxial extension tests under a constant
mean principal stress ¢,=392kN/m? as
plotted in terms of the relation among the
principal stress ratio (¢,/¢s) and the principal
strains (e; and ¢;). Fig. 22 indicates the results
of the same test and the calculated curves
with respect to the relation between the
stress ratio (¢,/0;) and the volumetric strain
(ey). In these figures, the solid curves
represent the calculated values under the
triaxial compression condition, and the bro-
ken curves with dots express those under
the triaxial extension condition. These cal-

[45)
(92

10 . 04
On =392 kN/m2 =
g g a comp, 5 ket
B ext. <
NID o © P w
oo AZ
05 o s " [ [] L] 0.
[w) -
8] [ ]
o
g! -]
-l - - 0
0Mag g 197 g =D 30 40
Uoct h)
Fig. 20. Relation among t,./0oc;, 7oo: and

&,.; obtained by same tests as Fig. 18

B ’ Om =392 kN/m?2
o7 6 o comp. |
o3 5 e ext.
4 B = e
3 R
20 30

€30 €0

Fig. 21. Principal stress ratio vs. principal
strains in triaxial compression and tri-
axial extention tests (0,,=392 kN/m?) on

sand
-20
~1.8——— O =302kN/MR —1—
~ o comp.
£ o ext.
>
W
~1.0
!
I
‘I
"'0.5 ',l o
‘I
‘I
./'/ 8
0 1 2 3 Fe
- 8 4 5
4
o
o}
c5

Fig. 22. Volumetric strain vs. principal
stress ratio in same tests as Fig. 21

culated values are obtained from Egs. (14),
(15) and (18) using the soil parameter in
Table 1 determined by two triaxial compres-
sion tests under different mean principal
stresses as mentioned before. It is seen in
Fig. 22 that the proposed stress-strain model

NII-Electronic Library Service



36 NAKAI AND MATSUOKA
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explains well the dilatancy characteristics of
sand under the triaxial compression and
triaxial extension conditions. The former
stress-strain model based on the SMP (Ma-
tsuoka and Nakai, 1974, 1977), however,
did not explain such a difference of the
observed values between the triaxial compres-
sion and triaxial extension conditions illus-
trated in this figure. Figs. 23(a)-(e) show

S f
—— S5 =45
|€3 | 6 oEz &
C ej A
) o 9 ]
- T 5 T PO
e}
~— Oo . gj/ [
3
Crn=196kN/m?
-5 -4 -3 -2 -1 0 1 2 3 4 S
€3 (%) €1,€2 (°)
(d>
| | O1 I
7 6 =60 —
L—6
€3 ! €1
o ! 5 [e] L o
—_ q ’ o
L0 \Q\\ 4 »
o jF Cim =196kN /177
-5 -4 -3 -2 -1 0 1 2 3 & 8§
€3 (%) €1 (%)
(e)
Fig. 23. Principal stress ratio vs.

principal strains in true tri-
axial tests (=0, 15°, 30°,45° and
60°) on sand

the results of the true triaxial tests (=05,
157, 30°, 45° and 60°) and the curves calculated
by using the soil parameters in Table 1,
with respect to the relation among ¢,/¢; and
(e, e, and e3). It can be estimated from
these figures that the plane strain condition
exists between =15 and 6=30°, because
the intermediate principal strain &, is expan-
sive at #=15° and is compressive at §=30°.
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<2 O3

Fig. 24. Shear strain increment vectors
on octahedral plane obtained by true
triaxial test on sand

This tendency also corresponds to that of
other experimental results (Lade and Dun-
can, 1973).

Figs.24 and 25 show the directions of
projection of the strain increment vectors on
the octahedral plane observed from the true
triaxial tests (#=15°,30° and 45°) and cal-
culated by the proposed stress-strain model
respectively. In these figures, the length of
each vector is given by the ratio of the
shear strain increment dy., to the shear-
normal stress ratio increment d(zget/Gocr)-
The calculated vectors in Fig. 25 explain well
the test results shown in Fig.24 that the
directions of dy,., deviate from those of
Toe; With a definite trend as the stress ratio
increases. This tendency of the test results,
however, was not explained by the former
stress-strain model (Matsuoka and Nakai,
1974, 1977). Although the solid curves in
these figures represent the criterion based on
the SMP which is described below, both
the observed and calculated vectors are not
perpendicular to this criterion.

The authors have proposed the following
failure criterion on the basis of the idea
that soil fails when the shear-normal stress
ratio on the SMP reaches a limiting value
(Matsuoka and Nakai, 1974, 1977).

Tswp . fT =95 _
on 37, =const. @n

7] 3

Fig. 25. Shear strain increment vectors
on octahedral plane calculated by
proposed model

o
f=2

Rectangular
- Spemmgn

> Cytindrical
Specimen

—— SMP

——— Mgchr-Coulomb o >3

Fig. 26. Comparison of Mohr-Coulomb’s
and proposed criteria with stress
conditions at failure on octahedral
plane obtained by triaxial compres-
sion, triaxial extension and true
triaxial tests on sand

or

J}J2 =const. (22)
3

Fig. 26 compares the Mohr-Coulomb’s and the
proposed criteria with the stress conditions
at failure on the octahedral plane obtained by
the triaxial compression, triaxial extension
and true triaxial tests on the sand. The
stresses at failure in Fig. 26 mean the applied
stresses when almost infinite strains are pro-
duced in the sand specimens. The test results
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agree well with the proposed criterion illus-
trated by the solid curve. According to the
proposed failure criterion, the internal fric-
tion angle ¢ has the same value under the
triaxial compression and triaxjal extension
conditions, and has higher values under the
three different principal stresses. Such char-
acteristics of the strength of sand also cor-
respond to the tendency of experimental
results by Sutherland and Mesdary (1969).

Clay

Fig. 27 indicates the results of the triaxial
compression and triaxial extension tests on
the  normally consolidated clay wunder the
constant mean principal stress (g,=196 kN/
m?), with respect to the relation between
Tsup/Osur and degyp®/dygup*. Fig. 28 shows
the results of the same tests with respect
to the relation between zgyp/ogyr and egyp®/
ysupt- It can be seen in these figures that
the basic equations (Egs. (11) and (12))
applied to the sand are also valid in the case
of the clay. The soil parameters of the clay
are determined as A*=0.9, u*=0.42 and
u'*=0, 60.

Fig. 29 shows the relation among gyp/osye,
rsup® and egyp® of the tests mentioned
above, where the plots indicate the observed
values and the solid curves the values cal-
culated using Eqgs. (14) and (15). By the way,
in the case of the sand the soil paramenter
7oF varies depending on the mean principal

1.0
ZsMpP
O5MP
Omn= 196 kN/m2 o
o comp. 0sl—ae e ® -
e ext. Q. g°0
X
IS}
S i
-05 -04 -03 -02 -01 0 01 02 03 04
_ dESw
P
Fig. 27. Relation between zgyp/ogyr and

degyp*/dysyr* obtained by triaxial
compression and triaxial extension
tests on clay

stress as shown in Eq. (16), even if the
initial soil structure is almost the same.
However, in the case of the normally con-
solidated clay, the stress ratio-strain relation-
ship under shear does not seem to be affected
by the mean principal stress, as examined
by the test results (Henkel, 1960; Shibata,
1963). Therefore, 7,* of the normally con-
solidated clay is considered to be independent
of the mean principal stress, and determined
as  7,%=3.3% (7,.5¥=3.3%, C *¥*=0.0%).
All of the soil parameters of the clay are
shown in Table 2.

Figs. 30 and 31 show the results of the
triaxial compression and extension tests on
the clay with respect to the relation among
the principal stress ratio (¢,/g;), the major
principal strain (e¢;) and the volumetric strain
(ep), together with the curves calculated

L Zsmp 5 ]
| ! Osmp
J ! ‘, 10—
Om= 196 kN/m2 _ |
ocomp. | i
oelxt } | i ’g‘){c&f&o
, :
05— ]
l ]
s e
e
Ld
% 5 ;
P r i
06 -05 -04 -03 -02 -01 0 01 02 03
_ Esmp
&P
Fig. 28. Relation between zgyp/ogyr and
esup/7sup™ obtained by same tests as
Fig. 27
Om= 196 kN/m?
ocomp.
eext

0 15
Tsmpllo)

Relation among zgyp/Gsyr, 7sur™

Fig. 29.
and egyp* obtained by same tests as
Fig. 27
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Table 2. Values of all soil
parameters for clay
¥ 0.9
p* 0. 42
u¥ 0.60
Tos ¥ 3.3%
7o¥ Cg* 0.0%
Omi -
5
4
cfo(oo
—{on 34 !
6 ib Om= 196 k\/m?2
2 — comp, —]

1 |
5 10 150
\ €1 (%)
2
(€]
o) (___
% 00 oo
4

Fig. 30. Principal stress ratio vs. major
principal strain vs. volumetric
strain in triaxial compression test
on clay

€y (%)

from Egs. (14), (15) and (18). Although the
true triaxial tests on the clay under three
different principal stresses are not performed,
it is considered that the proposed stress-strain
model is valid for the clay as well as the
sand since the deformation behaviors of the
clay under both the triaxial compression and
triaxial extension conditions can be analyzed
by using the identical soil parameters in the
same manner as those of the sand.

Now, according to the results of the cur-
rent tests on the specimens without the slot-
ted filter paper, the principal stress ratios at
failure (o, 03); on the clay are almost 3.5
(¢=34") for both cases of the triaxial com-
pression and triaxial extension conditions, as
shown in Figs. 30 and 31. On the other
hand, there have been some reports that the
internal friction angle under the triaxial
extension ¢ (ex;. is larger than that under the
triaxial compression @ (comp.)- Lhe reason why
¢ (oxiy is larger than @ iomp) might be
considered that the effect of the tension of
the slotted filter paper on the strength of
clay is not negligible in the case of triaxial

5
4
.2
65 3 *
Om=196kN/mZ
2 ext. i
1 50

5‘ €4 (%)
2

".‘\ﬁ.\
4
Fig. 31. Principal stress ratio vs. major

principal strain vs. volumetric strain
in triaxial extension test on clay

€y ()

extension tests, even if the paper is put

spirally.

CONCLUSIONS

The significance of the new concept based
on the SMP (named SMP*) introduced in
the current study is summarized as follows.
For such granular materials as soils, it is
necessary to determine the relations between
the stress and the strain by connecting them
with the average interparticle sliding. Ac-
cording to the present idea, the average
interparticle sliding due to shear in the
three-dimensional space is governed by the
shear-normal stress ratio on the SMP (rgyp/
gsup), and the direction of the average inter-
particle sliding coincides with that of the
principal strain increment vector. Therefore,
it is reasonable that there exist the unique
relations among rgyp/dsup and the normal and
parallel components of the principal strain
increment vector to the SMP. Furthermore,
it is interesting that the stress-strain
relationship for such granular materials as
soils is uniquely determined between the
stress components which are given by
the tensor transformation of the principal
stresses as shown in Egs. (4) and (5) and the
strain increment components which are given
by the vector transformation of the prin-
cipal strain increments as shown in Egs. (9)
and (10).

The proposed stress-strain model does not
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include the concept of a plastic potential
function and a work-hardening function in
the elastoplastic theory, but is derived fun-
damentally from the following two ideas.
One is that the unique relations (Egs. (11)
and (12)) are present among 7gyp/Ggup,
degyp® and dygyp* regardless of the stress
condition. The other is that the direction
of dyswe® which represents the parallel
component of the average interparticle sliding
to the SMP is assumed to coincide with that
of zgyp. It is checked by various kinds of
shear tests including triaxial compression,
triaxial extension and true triaxial tests that
this stress-strain model can explain the
deformation of sand and clay under the three-
dimensional stress condition which have not
been analyzed by the theories based on the
octahedral plane and the former theory based
on the SMP. For example, it is clear that
this model can estimate properly the direction
of strain increments in the three-dimensional
space, from the facts that the relation be-
tween the stress ratio and strain increment
ratio of Eq. (11) has a good estimate (see
Figs.8 and 9), and the calculated direction
of dyqe, in Fig. 25 corresponds to the observed
one in Fig.24. It becomes evident that this
model estimates properly the magnitude of
strains under the three-dimensional stress
condition, from the fact that Egs. (14) and
(15) hold regardless of the stress condition
(see Figs.17 to 19). Furthermore, the vali-
dity of the failure criterion based on the SMP
which has been proposed is also examined by
the various kinds of test data.
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NOTATION

a; (1=1,2,3)=direction cosines of the normal of
the SMP
b; (i=1,2,3)=direction cosines of Tgyp
ep=initial void ratio
J1, Js, Jy=first, second and third stress in-
variants
dyoe,=shear strain increment on the
octahedral plane
dysywp=shear strain increment on the
' SMP
dysyp*=parallel component of the princi-
pal strain increment vector to the
SMP

TSMP*:deSMP*

dey, dey, deg=major, intermediate and minor
principal strain increments, res-
pectively
€1, €9, €3, =major, intermediate and minor
principal strains, respectively
gy=volumetric strain
deoes=normal strain increment on the
octahedral plane
degyp=normal strain increment on the
SMP
degyp® =normal component of the principal
strain increment vector to the

SMP
egmp™ =fdes_\n>*

O =angle of radial stress paths from
o, direction on the octahedral
plane
A%, p*u'*, r ¥ =soil parameters in proposed stress-
strain model
Toi™ Cq*s 0 =coefficients related to y,* (see Eq.
(16))
M=so0il parameter in Cambridge the-
ory
01, 09, 03=major, intermediate and minor
principal stresses, respectively
onp=mean principal stress
osyp=normal stress on the SMP
Tgyp=shear stress on the SMP
X=rgyp/0syp=shear-normal stress ratio on the
SMP
¢ =internal friction angle
@ moij=mobilized angle between two
principal stresses ¢; and ¢ . (see
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APPENDIX

It is proved as follows that the average
sliding direction of the soil particles coincides
with the direction of the principal strain
increment vector under the three-dimensional
stress condition: Fig. Al shows a rectan-
gular soil element of L;xL,XL; in length
in the three-dimensional space where I, 1I
and 111 axes represent the directions to which
three principal stresses ¢,, o0, and ¢; are
applied, respectively. When the numbers of
contact points of the sliding particles in the
directions of I, II and III are n;, n, and ns,
respectively, each incremental length caused
by the interparticle sliding is given by the
following formula as the summation of the
sliding displacements at the interparticle
contacts in each direction.

n1 JE——
dLJ_:Z (Six’Alz):“lnl'gl'Al

t=1

n2

dLy=72] (54,4 1y) =ny-5,- A1

=1

(AD

ALy=3" (ss, A1) =ny+5, 4 |
=1

direction cosines of the
interparticle sliding at
the contact point 7.
sliding displacement at
the contact point 7.

where, (s;1, 52 $33)

41;:

direction cosines of the
average interparticle slid-

(31, Sy, §3):

e

1

Fig. A1l. A rectangular soil element in
three-dimensional space
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ing.

41: average sliding displace-
ment at one contact
point.

Then, if compressive strain is taken as
positive sign, the principal strain increments
are expressed as follows:

de;=— agq =(n,/Ly) 8- 41
1
dey=—Hr = (uyjL) 5, T1 (A 2)
2
dL,

deg=— I, =(n3/L3)-§3-ZTl

On the assumption that the initial structure
of soil is isotropic, the contact points of

particles are considered to be uniformly
distributed in the element. In such a case,
the following relation holds, as the number
of the contact points per unit length in
every direction is equal.

M2 _ s

L, L, L,
Therefore, the following equation is obtained
from Eqgs. (A 2) and (A 3).

de, _ de, _ deg

(A 3)

Sy S2 S3
Eq. (A 4) shows that the direction of the
average interparticle sliding in the soil ele-
ment corresponds with that of the principal
strain increment vector.

(A4
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