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CONSTITUTIVE EQUATION FOR SOILS BASED ON THE
EXTENDED CONCEPT OF “SPATIAL MOBILIZED
PLANE” AND ITS APPLICATION TO FINITE

ELEMENT ANALYSIS

Tervo Nakar* and HajiMe MaTtsuoka**

ABSTRACT

A constitutive equation for soils is presented that describes the deformation and strength
characteristics of soils in three-dimensional stresses. A stress-strain relationship under shear
was developed introducing an extended concept of “Spatial Mobilized Plane” (named the
concept of SMP*). In the present paper, paying attention to the fact that the dilatancy
of soils under anisotropic consolidation is similar to that under shear, a stress-strain relationship
under consolidation is obtained on the basis of the concept of SMP* in the same way as the
stress-strain relationship under shear. By combining these two stress-strain relationships
and the stress-strain relationship in the elastic state, a generalized constitutive equation is
formulated. The validity of this proposed constitutive equation is checked by the analysis of
various kinds of element tests and its comparison with the experimental results. All the
soil parameters of the proposed constitutive equation can be determined from shear and
consolidation tests by using a conventional triaxial compression test apparatus.

Finite element analyses for bearing capacity problems are then performed by using the
proposed constitutive equation. The analytical results explain well various deformation and
failure behaviors of soil foundation which have been well-known empirically.
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earth structures have been developed. Most

INTRODUCTION of these models are based on the theory of

Since Roscoe et al. (1963) proposed the
Cam-clay model, a number of constitutive
models for soils which can be applied to the
finite element analysis of soil foundations and

plasticity with strain hardening. For ex-
ample, Ohta (1971) and Sekiguchi and Ohta
(1977) extended the Cam-clay model so as
to explain the behavior of anisotropically
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88 NAKAI AND MATSUOKA

consolidated clay. Pender (1977) proposed a
unified model for normally consolidated and
over-consolidated clays by assuming two
yield functions and two plastic potential
functions. Prévost (1978) explained cyclic
stress-strain behavior of clay combining iso-
tropic and kinematic hardening rules. More-
over, viscoplastic models considering time-
dependent behavior of clay were developed
by Adachi and Okano (1974), Sekiguchi
(1977), Oka (1981) and others. By the way,
these above-stated models did not take the
effect of intermediate principal stress into
account precisely, because these were made
mainly referring to the results of triaxial
compression tests. Lade and Duncan (1973,
1975) performed true triaxial tests on sand,
and developed an elastoplastic model for sand
in which the effect of intermediate principal
stress was considered.

The authors proposed the “Spatial Mobil-
ized Plane (SMP)” as the plane where soil
particles are most mobilized on the average
in the three-dimensional space, and developed
a stress-strain relationship under shear based
on this SMP (Matsuoka and Nakai, 1974,
1977). By introducing new amounts of strain
increments based on the SMP, they proposed
another stress-strain relationship  which
explained shear behavior of soil more uni-
quely (Nakai and Matsuoka, 1980, 1983).
This is named the stress-strain relationship
based on the concept of SMP*, In the present
paper, taking note of the fact that the soil
behavior under anisotropic consolidation is
similar to that under shear, a stress-strain
relationship under consolidation is formulated
based on the concept of SMP*, as well as
under shear. Further, by considering the
elastic component besides these shear and
consolidation components, a generalized con-
stitutive model is presented that can explain
uniquely the soil behavior under various
stress paths in three-dimensional stresses.
The proposed model is obtained not using
directly the yield function, the plastic poten-
tial function and the strain-hardening func-
tion which are employed in the theory of
plasticity. After the validity of the model

is confirmed by the various analyses of soil
element tests, the model is applied to the
finite element analysis of soil-footing inter-
action problem and the analytical
are compared with those of stability analysis.

results

CONSTITUTIVE EQUATION FOR SOILS

The total strain increments of soil {de}
are generally expressed as the summation
of the plastic component {de?} and the elastic
component {de’}. In this study, considering
that the plastic strain increments can be
divided into the plastic strain increments
due to shear {de’} (the strain increments
caused by an increase in stress ratio) and the
plastic strain increments due to consolidation
{de?} (the strain increments caused by an
increase in mean principal stress), the total
strain increments in the general coodinate
system are expressed as follows:

{de} = {de?} + {d&?}
= {de’} + {de} + {de} (1)

Throughout this paper, the superscript p
denotes the plastic component, e the elastic
component, s the plastic component due to
shear and ¢ the plastic component due to
consolidation.

Plastic Strain Increments due to Shear {de®}

In soil mechanics, the strain due to shear
is defined to be the strain caused by an
increase in the stress ratio under constant
mean principal stress. The stress-strain
relationship under shear has been derived
introducing the new concept of “Spatial
Mobilized Plane* (SMP#*)” by the authors
(Nakai and Matsuoka, 1980, 1983). The
outline of this stress-strain relationship is
described as follows.

Fig.1 shows a soil element and the Spatial
Mobilized Plane (SMP) in three-dimen-
sional space, where I,1I and III axes repre-
sent the directions to which three principal
stresses o, 0, and o; are applied, respectively.
Here, the SMP has been considered to be
the plane where soil particles are most mobil-
ized on the average, and its direction cosines
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Fig. 1. A soil element and Spatial

Mobilized Plane (ABC) in
three-dimensional space

are expressed as follows:
/I
a=y/ B G=1,23) (2)

where J,, J, and J; are the first, second
and third effective stress invariants and
expressed by the following equations using
the principal stresses (¢;, ¢, and g,) or the
stresses in the general coordinate system
(Opy Oyy Oy Ty Ty and Top).

Ji=o,to,toy=0,+0,+0,

Joy=0,04+0,0;,+ 040,

=00, F0,40,+0,0,—Te) —Ty2—7T.4"
Jy=0,0,03
:Uxay6z+27xy7yz7zx_dx7yz2
— 0T — 02T ay”
(3)

According to the concept of SMP*, there
are the following two basic equations u-
niquely between the shear-normal stress ratio
on the SMP (X=r7gyp/osur) and the new
amounts of strain increments (degyp*® and
dyswr™) which denote the normal and parallel
components of the principal strain increment
vector to the SMP.

X:—: TSMP :/1<

OsMp

dEEMi>+ﬂ* (4)

dysur™*

Tsm Egup "
X—:—_S_P_Z)‘<__S___>+ﬂ'* (5)
Osup Tsup™

<ESMP*s:fd€SMP*s! TSMP*S:deSMP*S>

where the shear-normal stress ratio on the
SMP X=vgyp/osyr is given as follows using
the stress invariants:

: Tsup J1 9J3
= ;/ 97, (6)

Osmp
By solving the differential equation obtained
from Eqgs. (4) and (5), the following equation
is derived.

X—

__"fu.;> (7)
Therefore, from Eqgs.(4) and (7), drsue*®
and degp®® are given as functions of the
stress ratio.

Tsup =70 exp<

dTSMP*S = —la/—*—-o_7*—- -exp (m‘) -dX
=G*-dX (8)
*— X *~X
degyp™ *‘ﬁT_ drsup™ :ﬁ‘_ﬁ‘—“Gx*‘dX
=E*-dX (9)

In these equations, each of the soil param-
eters A*, u* and u/* is considered to be
nearly constant for a given sample. On the
other hand, the parameter 7,* is considered
to be a function of effective mean principal
stress o, and is empirically expressed as
follows :

ro¥ =70+ Cyq* 10g10(0 /T ms) 10)
The direction cosines of degp*® is equal to
a; (1=1,2,3) given by Eq.(2), on the as-
sumption that the direction of the principal
stresses and that of the plastic principal
strain increments are identical. If dygyup*®
is assumed to coincide with the shear stress
on the SMP (7gyp) in direction, the direction
cosines of dygp®™ are expressed by the
following direction cosines of Tgyp.

b, =21 Isup 91Js—3J;
T Towr Vo (T —9Jy)
(i=1,2,3) ¢

Therefore, the plastic principal strain incre-
ments due to shear de;® can be given by the
following equations.
de,* = a, - degyp™ + by dy g™
=(a; E*+40,-G*)-dX
=E-dX (=1,2,3) (12)

{de} = {E/}-dX (13)
Now, performing the total differentiation
of Eq.(6), the shear-normal stress ratio
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90 NAKAI AND MATSUOKA

increment on the SMP (dX) is represented
as follows by using the general stress incre-
ments {do} =[0,, Oys Oz Ty Tyzs Tez]l :

T
ax={ 221" 1)
= 1
18 XJ,*
J2J3+J1J3<0y+dz>_J1J2<Gydz—7yzz) T
Jods+J1J3(0,+04) —J 12 (0.0, —T:5%)
J2J3+J1J3(dm+gz/) —Jlj‘z(o'mdz/”—fxyz)
—"2J1J37x1/_2‘]1‘]2 (Tyzfzx_o'zfzzJ
_2J1J37yz_2J1J2 (szfxy"'dxfyz)
_2J1J3TZ$_2J1J2 (szjfyz'"dyfzx)
-{do} = {A}7T- {ds} (14)

The superscript T denotes the transposition
of matrix. From Egs. (13) and (14), the
plastic principal strain increments due to
shear {de;*} =[de,®, de,®, de,®]T are expressed
by the following formula using the general
stress increments {do}.
{des*} = {Es} - {A}T- {do} (15)
Then, introducing the matrix [7'] which
transforms the principal strain increments
into the general strain increments, the gen-
eral plastic strain increments due to shear
{d&s}:[dexs, deys, dE,‘zs, deySy dTyzS’ d’rza;S]T
can be represented as follows by using the
general stress increments {do}.
{de’} =[T1]- {de;’}
=[T]-{Es}-{A}7- {do} (16)
" The transformation matrix [7] is given as
a formula of stresses on the assumption that
the direction of the plastic principal strain
increments and that of the principal stresses
are identical.

2 2

1t My Ny
2 2 2

Ly my Ny
ZZZ mZZ n22

[T]= an

20,0, 2mum, 2nyn,
22U, 2mym, 2nyn,
L2101, 2m,m, 2n,n,

where (/,, I, and /,) denote the direction
cosines of ¢,-axis to the z, y and 2 axes,
respectively, and are expressed as,

, «
lx:"D7{<01“0'21)72x+737077/5} ]
1

1
ly:ﬁ“{<0'1“‘dx)7yz+ rxz/sz} (18>

lz :‘Dil‘ {<G1_Gx) (gl—o-y) _sz/Z}
in which
Dl - ‘/{<01 ——O'y)fzx—fxy'ryz} 24 {(0'1"‘"0'9:)7;;

+TxyTz:r} 2+ {<61 "'O'z> (01 _Gy) '_Txyz} 2
(19

(m,, m, and m,) represent the direction
cosines of oj,-axis and (n,, n, and n,) the
direction cosines of ¢;-axis, and these direc-
tion cosines are expressed by replacing ¢, in
Egs. (18) and (19) with ¢, and ¢, respec-
tively. The transformation matrix [ 7] under
plane strain condition is shown in Appendix.

Plastic Strain Increments due to Consoli-
dation {de‘}

The plastic strain due to consolidation is
considered to be the plastic strain caused by

R comp.
/R=1 O R=1
05F -
R=3 pR=2
o R=3
/\? V R= 4
o
=
w
0 i ] 1

ST 10%
Gm(kN,/m?)
A

-05
(a)
%] ext.
sl oR=g
05 R3 mR=
A R=3
v R=4

. . -
10 10
Om(kN/m2)

-05

(b
Fig. 2. Volumetric strain vs. mean
principal stress in triaxial
compression and extension
tests under constant principal
stress ratios
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CONSTITUTIVE EQUATION FOR SOILS 91

an increase in the mean principal stress
under constant stress ratio. Here, upon the
consideration about anisotropic consolidation
tests of soils, the plastic strain increment
due to consolidation will be formulated.
The plots in Figs.2(a) and 2(b) indicate
the test results of anisotropic consolidation
tests on medium dense Toyoura sand (initial
void ratio e,= 0.68) under triaxial compres-
sion and triaxial extension conditions re-
spectively, with respect to the relation be-
tween volumetric strain &, and log;om
(op: effective mean principal stress). R
denotes the major-minor principal stress
ratio ¢,/6;. The volumetric strain due to
consolidation ¢, has hitherto been expressed
by the following equation regardless of the
stress ratio, as represented in Cam-clay model
and so on(e. g., Schofield and Wroth, 1968).

Inm

< logo P

T 14,
where C, is the compression index, e, the
initial void ratio and ¢,,, the initial mean
principal stress. However, it is observed
from these figures that the validity of Eq.
(20) is limited to the isotropic consolidation
and anisotropic consolidation under low stress
ratio. Strictly investigated, e, in anisotropic
consolidation tests under low stress ratios
(R=2 and 3) is slightly compressive in com-
parison with g, in isotropic consolidation test
(R=1), and g, in anisotropic consolidation
tests under high stress ratio (R=4) is ex-
pansive in comparison with ¢, in R=1 test.
Moreover, ¢, in R=4 test is more expansive
under triaxial compression condition than
under triaxial extension condition. Test
results of sand with such tendencies were
also reported by El-Sohby (1964). Now,
since these characteristics of volumetric
strain which are expressed as the difference
between the isotropic consolidation test and
each of the anisotropic consolidation tests
are similar to the soil dilatancy under shear
(see Fig.22 in another paper by Nakai and
Matsuoka (1983)), in the current study the
strains due to consolidation are assumed to be
divisible into the component under isotropic
consolidation and the component due to

€y

(20)

mo

dilatancy under anisotropic consolidation
(Nakai and Matsuoka, 1981).

The plastic principal strain increments due
to isotropic consolidation de;(.,)°¢ are given
by the following equation with reference to
Eq. (20) :
dEt(iso)CZ*O'434 C,—C;s don

3 14e, Om

(i=1,2,3)
(2D

where C, is the swelling index.

The plastic principal strain increments due
to dilatancy under anisotropic consolidation
de; i’ are determined as follows using the
new concept of SMP¥*, since the soil dila-
tancies under both shear and anisotropic
consolidation have similar characteristics.
Firstly, considering that no shear strain is

produced under isotropic stress condition,
Eq. (7) is modified as

gk ok
rouet =1 esn (Gt ) —exe (255 )
(22)
Next, by performing total differentiation of
Eq. (22) in consideration of the condition that
soil parameter 7,* is expressed by Eq. (10) as
a function of mean principal stress ¢,, the
following equation can be obtained.

* —
drowt = exp( X ax

o — gk Eyps
X—u*
- u* do
Texp (ﬂ'* —u* >} om (23

As the first term of right side in Eq. (23) is
the same as the amount of strain increment
due to shear dygyp*® which is expressed by
Eq. (8), the second term may be regarded
as the amount of strain increment due to
anisotropic consolidation drgyp*®. Eq. (23)
implies that ygup* is the quantity of state
which is independent of the stress paths
because it is in the total differential form
with respect to X and ¢,. However, rgup*
depends on the stress path, according to the
test results (Nakai and Matsuoka, 1981).
So, in order to evaluate the stress path
dependency of fygp*, the
strain increment dygyp™® is

amount of
given by the
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92 NAKAI AND

following equation replacing Cy* in the
second term of Eq.(23) with a different
coeflicient K,.
ok
dysup¥©=0.434-K,- {exp (lu},(—g———>

*_/1*

"“eXp< 'I';:u* *>} C?Um
wr—u Im
=Gy*-doy, 24)

The method to determine K, will be discussed
later. Another amount of strain increment
due to anisotropic consolidation degyp™*® is
expressed by the following equation, since
the component due to dilatancy under aniso-
tropic consolidation is considered to satisfy
the stress ratio-strain increment ratio rela-
tion of Eq.(4) in the same way as under
shear.

o uF—X *_ X
degyp™*= ﬂT “dysup*= M—A** -Gy*-dop,

Therefore, the plastic principal strain incre-
ments due to dilatancy under anisotropic
consolidation de;(g;° are given as follows in
the same manner as Eq. (12):
deyain®=ay desyp™ +0; - dygye™®
=(a,  Ey*+by-Gy*) -doy, (26)

The plastic principal strain increments due
to consolidation de;,° can be expressed as the
summation of de;y.)° and dey .

def=dey 150 ° + des i’

(0884, _c=C,
3  (A+edon
+ai-E2*+bz-G2*>-dam
=Ef-doy (i=1,2,3) @n
or
{des} = {Es} -dom (28)

where {de;°} =[de,°, de,®, de,°]T and {E;} =
[ES, E°, Egf]"
Here, do, is represented as follows using
the general stress increments {do} :

don=[1/3, 1/3, 1/3, 0, 0, 0] {ds}

= {B}*- {dos} (29)

Therefore, using the transformation matrix
[T] expressed by Eq. (17), the general plastic
strain increments due to consolidation {de®} =
[de,’, de, de., dryS dr,.5 dy..c]T can

MATSUOKA

be given by the following equation from
Egs. (28) and (29).
{dect =[T]- {de,}
=[T1]1-{E} - {B}T- {dd} (30)

Elastic Strain Increments {de?}

The elastic strain increments {de¢} =[de,*,
de,, dey®, dryf dr,.., dr..,°]T are given
using the incremental stress-strain relation-
ship for an isotropic elastic material.

1

{dee}:—E‘e‘

1l v, =y, 0 0 0 7
—Ve 1 —Ve 0 0 0
-V, —V, 1 0 0 0

0 0 0 20+v) 0 0
0 0 0 0 2(1+v,) 0
0 0 0 0 0 24y,
-{do} =[D,]7*- {da} 3D

in which E, is the tangential Young’s mod-
ulus and », the Poisson’s ratio. In Eq. (31),
E, is determined as follows using the swelling
index C; in e vs. log,0,, relation.

E,=3(1-2v,)-K,
_ 3(1-2) (+e)an
a 0.434-C;
where K, is the bulk modulus.
By the way, the coefficient K, in Eq. (24)
is determined as follows by using the K,
value and the soil parameter on the condition
that constitutive equation proposed here
satisfies the K,-consolidation state. Since the
principal strain increments de, and de, are
equal to zero at the K,-consolidation state
(01/0;=1/K,, 0,=a;), the following equation
is obtained.
des=de,f+de,f =0 (33)

In Eq. (33), des® and de;® are expressed as
follows from Egs. (27) and (31), respectively.

C.—C;

(32)

o 0.434. } ok
des —< 5 Uteno, "o
+bu.0:G* )da, (34)

det=——{doy—v.(do,+doy))

N S R S
- Ee {KO <1+KO>V€} 1+2K0 dg?lb
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~ 0.434{K,— A+ Kpv.} C; do
T A-2v)0+2Ky) (I+ep)om "
(35)
By substituting Egs. (34) and (35) into Eq.
(33) and rearranging the formula, the coef-
ficient K, is given as a function of the K,

value and the soil parameters.

_I:__QQ_'__Q_
3(1+ey)
+ {Ko_<1+Ko)Ve} Cs ]
(1—=2v,) (1+2K,) (1+e,)

Xo—u —u*
{ero (G i)~ }((TZ‘;T )
ﬁ”}}“—o"aa-o‘i‘ba-o }
(36)

In the above equations, X, as, and bs,
represent the shear-normal stress ratio on
the SMP 7gyp/osye, the direction cosine of
osup to the o,;-axis, and the direction cosine
of Tgyp to the o,-axis on the condition of

K,-consolidation, respectively, and expressed
as follows from Egs. (6), (2) and (11).

X,=L 2 (a\fa, = Vaor)

K.=

=Y 2 (VIR = VKD (@)
as.o=To[(0sJy) =+/1/(2+Ky) (38)

b= LI o= — K AF2K)
(39)

Ezxplicit Representation of the Constitutive
Equation
The method to represent the constitutive
equation described above in an explicit form
such as {do}=[D]-{de} ([D]: stress-strain
matrix), will be discussed here with ref-
erence to the procedure by Yamada et al.
(1968) in the elastoplastic theory. The fol-
lowing equation holds from Egs. (1), (16),
(30) and (31).
{do} =[D,]- {de?}
=[D.]- {de} —[D.]- ({de*} + {de})
=[D.]-{de} —[D1-[TI({Es"} -dX
+{E} -don) (40
Substituting Eq. (40) into Eqgs. (14) and (29),
dX and do, are represented as

dX={A}7{dos}
= {A}7-[D,]- {de}
—{A}7-[D,]-[T]-({Es} -dX
+{E:f} -dom) (4D
do = {B}T- {do}
= {B}T-[D.]- {de}
—{B}?-[D.]-[T] - ({Es}-dX
+{E;°} -don) (42)
Egs. (41) and (42) are rearranged as follows:
P,-dX+P,-don={A}T-[D,]- {de} (43)
Q, dX+Q,-doy={B}T-[D.]] {de} (49
where
P, =1+ {A}?-[D,]-[T]-{E)"}
P,={A}T-[D,]-[T]-{E;}
Q,={B}T-[D.]-[T] {ES}
Q=1+ {B}"-[D.]-[T]1- {E:*}

(45)

i) In the case of dX>0 and do,>0:
dX and do, are expressed as follows from
Egs. (43) and (44):

_ (@ {A)*— P, [B)T)[D,]- [de)
dx= P.Q.— PR “o
do— (P {BIT=Q:- (4)7)-[D]- (de}
P]Qz"‘P2Q1
Substituting Eqs. (46) and (47) into Eq. (40),
the constitutive equation can be given in an
explicit form as follows:

{do} :([De] _[D]-[T] {Es}
Qu {A)T—P, (B}

47

PQ.—PQ, P
_[D]-[T] (ES)
P, (B)T—Q,- {A)”
T -[De]>- {de)
—[D]- {de} (48)

ii) In the case of dX>0 and do,,=0:
As the plastic strain increments due to con-
solidation {de°} are not produced when do, =<
0, Egs. (40) and (41) are rewritten as follows:

{do} =[D.]-{de} —[D.]-[T]-{Es*} -dX

49
P-dX={A}"-[D,]- {de} (50)
Substituting Eq. (50) into Eq.(49), the

following equation is obtained.

(do} = ([Dej _[D,]-[T1-{ES)
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A2, 1)- e}

=[D] {de} (51)

iii) In the case of dX =0 and dov,,>0:
As the plastic strain increments due to shear
{de®} are not produced when dX <0, Eqgs. (40)
and (42) are rewritten as follows:

{do} =[D,]- {de} —[D,]-[T]-{E} -do
(52)
Q;-don={B}"-[D,]- {de} (83)
Substituting Eq. (63) into Eq. (52), the fol-
lowing equation is obtained.

{do} =([De] ~[D,J-[T]- {E

A2, 1) ide)

= [D] {de} (54)

iv) In the case of dX=<0 and dv,=<0:
In this case, {de’} =0 and {de?} =0, so the
constitutive equation is expressed as follows:

{do} =[D,]- {de} =[D]- {de} (55)

Failure Criterion of Soils

The failure criterion employed here has
been derived from the concept of Spatial
Mobilized Plane, and expressed as follows
(Matsuoka and Nakai, 1974, 1977):

_Tsup_ J1 9J3_
G / 9J3 const. (56)
or
i, —*--2 —const. (57)
Js

Fig.3 shows this criterion in terms of the
relation between the internal friction angle
¢=sin"'{(6,—03)/(0,+0;)} and b=(g,—0,)/
(0,—03). The internal friction angle ¢ cal-
culated from Egq. (66) or (57) has the same
value under triaxial compression (6=0.0) and
triaxial extension (b=1.0), and has higher
values under three different principal stresses.
The validity of this criterion has been con-
firmed by true triaxial test data (Nakai and
Matsuoka, 1980, 1983). Now, in the present
analysis, the behavior of soils after failure
which have resistance to consolidation (in-

MATSUOKA
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Fig. 3. Failure criterion based on SMP

crease in mean principal stress) but have no
resistance to shear (increase in stress ratio)
is approximately expressed by enlarging the

values of the soil parameter y,* of {E,’} in
Eq. (16).
ANALYSES OF SOIL ELEMENT

TESTS AND COMPARISONS WITH
EXPERIMENTAL RESULTS

The validity of the proposed constitutive
equation is discussed here by analyzing var-
ious kinds of soil element tests. Tables 1
and 2 show all of the soil parameters of the
medium dense Toyoura sand (initial void
ratio e,=0.68) and the normally consolidated
Fujinomori clay used in analyses, respec-
tively. As these sand and clay are the same
as in the previous paper by Nakai and
Matsuoka (1983), the reader should refer to

Tablel. Soil parameters for
Toyoura sand used in
analysis
e
P Y

w04l

”]'r},i*' oy
To* | Co* 0.066%

omi | 981N/m? (L. 0kgf/cm?)

c/(l+eo) 0,928 1 107 2 7
s/(1+e0) 0 578><10 :

K, I - 0.45 -
e 0.3
Becomp.) 1 40°
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Table 2. Soil parameters for
Fujinomori clay used in
analysis

2* 0.9
p* 0.42 7
A 0.60
Toi* 3.3%
7ot | Ca* 0.0%

Oomi //,~ﬂ/""/
Co/(+er) | 11.70 x 102
Co/(Lter) | 1.60x 1072
K 0.5 ‘
| o3

Pcomp.> 34°

the paper for the details of samples and the
test procedure. In Tables 1 and 2, the param-
eters A%, u*, #/* and 7,*, which are con-
cerned with the shear component, are deter-
mined from constant mean principal tests
under triaxial compression (Nakai and
Matsuoka, 1983). C,/(1+e,) and Cg(1+ey)
are determined from isotropic consolidation
tests. K, value and v, are estimated from
the results of anisotropic consolidation tests
and unloading stress-strain relationship in
shear tests, respectively. The internal {ric-
tion angle wunder triaxial compression,
@D (comp.)» 1is determined from the shear test.
The failure criterion in Fig.3 is the one
for this medium dense Toyoura sand

<¢ (comp.) =40°).

Comparison between Analytical and Experi-
mental Results of Element Tests on Sand

Fig. 4 shows the observed values (plots)
and the calculated values (lines) for the
triaxial compression and triaxial extension
tests on the sand under a constant mean
principal stress ¢, =392 kN/m? with respect
to the relation between the principal stress
ratio (o,/o;) and the principal strains (e; and
g5). In this figure, the open plots and the
solid lines denote the results in the triaxial
compression condition, and the solid plots
and the broken lines with dots denote the
results in the triaxial extension condition.
The analytical results explain well the ob-

7
( Om =392kN/m?
%.—‘- 6 — 0 comp.
4 sl - m ext

i I L L 1

54 3 3 4 0 1 2 3 4 5

€3 (%) €1 o)

Fig. 4. Principal stress ratio vs. principal
strains in triaxial compression and
extension tests under constant mean
principal stress

comp,
Cin=196 kN2
- bi- ////
oll¢) 7
Vi
3 12
s
P =
2 T —— e 1 2
=~ - >
w
=Tt 4 5 &
€1 (1) |
—i1
Fig. 5. Calculated stress-strain

curves under constant mean
principal stress

served values of shear tests. By the way,
Fig.5 compared the results calculated by the
constitutive equation (the solid curves) in
which the plastic component due to shear
{de’} and elastic component {de} are taken
into consideration with the analytical results
of {des} alone (the broken curves). Since
the difference between these two curves is
relatively small, it is not a serious problem
that the soil parameters (A%, u*, &’* and 7,*)
concerning the shear component are deter-
mined without considering the elastic strains
as do in the previous paper (Nakai and
Matsuoka, 1983). The comparison between
the analytical results and the observed values.
in the other shear tests, e.g. true triaxial
tests, are not described here, since these
comparisons were shown in the previous
paper.

Next, analytical and experimental results
of consolidation tests will be discussed. Figs.
2(a) and (b) described before present the
results of the isotropic and anisotropic con-
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6230
R=40
=
o
(
<
v
n 103
Om(kN/m?2)

-1.5

Fig. 6. Volumetric strain and
principal strains vs. mean
principal stress in true
triaxial test (#=30°) under
constant principal stress
ratio (R=4.0)

1.5
0=30°
R=50
1.0r
-~
S
&
0 0.5
£
g, .
981 !
Gn(kN/rnQ)
-0.5}F
-1.01

-1.5

Fig. 7. Volumetric strain and
principal strains vs. mean
principal stress in true
triaxial test (6=30°) under
constant principal stress
ratio (R=5.0)

solidation tests. In these figures, the solid
lines represent the analytical results by the
constitutive equation. As is seen from these
figures, the analytical results explain well
the observed dilatancy behavior under aniso-
tropic consolidation. It also appears that the
principal stress ratio at which no volumetric
strain is produced (de,=0) is between 3 and
4 under triaxial compression condition, and
is greater than 4 under triaxial extension
condition. Figs.6 and 7 indicate the observed
values (plots) and the analytical results
(lines) of the anisotropic consolidation tests
at the major~minor principal stress ratio R=4
and R=95, respectively, under three different
principal stresses. Here, 0=30° represents
that the stress condition exists on a linear

0

Fig. 8. Effective stress paths
in undrained triaxial com-
pression and extension
tests

undrained
2 comp.

0
! 2 € (%) 3

Fig. 9. Effective principal stress
ratio vs. major principal strain
in undrained triaxial compres-
sion test

undrained

2 ext.

1

o] 1 2 3
€ (%)

Fig. 10. Effective principal stress
ratio vs. major principal strain
in undrained triaxial extension
test
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line which makes 30 deg. away from the ¢~
axis on the octahedral plane, and there is
the following relation among three principal
stresses.

0:=(0,+0;)/2 (68)
The open circles and the solid lines in these
figures denote the observed and calculated
three principal strains (¢, &, and &;) re-
spectively, and the solid circles and the broken
lines represent the observed and calculated
volumetric strain (g,). It is seen from Figs.
6 and 7 that the analytical results using the
soil parameters determined by the triaxial
compression tests nearly explain the aniso-
tropic consolidation behavior of soil under
three different principal stresses, though
there are some differences between the ana-
lytical and the observed results.

Fig. 8 shows the effective stress paths in
undrained shear tests on the Toyoura sand
under triaxial compression and triaxial ex-
tension conditions (initial confining pressure
is 196 kN/m?), and Figs.9 and 10 indicate
the stress-strain relationships of the same
tests. In these figures, the plots represent
the observed values and the solid lines the
analytical results. The observed undrained
stress paths do not reach the failure lines
obtained from drained tests which are repre-
sented by the broken lines with dots, but
converge to the above mentioned anisotropic
consolidation paths that satisfy the condition
of de,=0 (see Figs. 2(a) and (b)). Therefore,
the undrained strength ¢’ is smaller than
the drained strength ¢, for the soil with
positive dilatancy. These observed values also
show that @/(m,.) is smaller than @/ (.,
though @4(omp.y and Paexs.) are indentical.
The results calculated by the proposed con-
stitutive equation can explain such character-
istics of the observed values.

Comparison between Analytical and Ezxperi-
mental Results of Element Tests on Clay

Figs.11 and 12 indicate the analytical re-
sults (solid and broken lines) and the ob-
served values (plots) of the triaxial com-
pression and triaxial extension tests on -the
normally consolidated Fujinomori clay, re-

5B om 0lo_.D
Gom 018 ¢
o T
e S~
= comp
2 —— O On=196 kN/m2 —
~-- 0 O3 =196 kN/m2
! [ °
oo) ~ EI(/O) 2
fe} e
Ra ©%0o0doooo

-
e g
~J

) € (%6)

.. .0
==R0 —o1o—p 5

Fig. 11. Principal stress ratio. vs.
major principal strain vs.
volumetric strain in triaxial
compression tests on clay

5
4
% - @
) [ ]
6‘63 ..- -/,f
/:;/’ ext.
Qyr —— @ O =196 kN/m2
——— W 073 =196 KN/
1
5 10
€,0/0)
2
- e
4
AN s
- 6 &
N
N 8
10
Fig. 12. Principal stress ratio vs.
major principal strain vs.

volumetric strain in triaxial
extension tests on clay

spectively, in terms of the relation among
the major-minor principal stress ratio (¢,/03),
the major principal strain (&) and the
volumetric strain (g,). In these figures, the
solid lines and circular plots denote the
results of constant mean principal stress
tests, and the broken lines and quadrilateral
plots express the results of constant minor
principal stress tests. It is obvious that the
proposed constitutive equation explains the
behavior of clay under various stress paths
uniquely in the same manner as those of
sand. It can also be seen that the principal
stress ratio (g,/0;); at failure is almost 3.5
(internal friction angle ¢,=34") regardless of
the stress paths.

Analyses of Plane Strain Tests and Simple
Shear Test on Sand

Fig.13 shows the analytical results of
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7
s Plane Strain
o 3T s
of | e
o R
R s . P T
./// ,/'/' /// :\;
: 7 il e
\ i v
Y A It 1 0
0 ! . 3ogem 4 >
——— O} =196 kN/m?
———(0+RBY2=196
—— a3 =196
1
Fig. 13. Calculated stress-strain curves

under plane strain condition

10
——— O] =196kN/m?
———(Gj+T3)2=196
P — oy =196
6|6 | ‘»\‘
B .
Gl 05
o
e N
Gt
G3
Fig. 14. Calculated variations of b-value

under plane strain condition

o O7=196 kN/m2
C3 7 —  plane strain
— — comp.
—-— ext.

€3 (0/0) = (°/c)

Fig. 15. Calculated stress-strain curves
in plane strain, triaxial compression
and triaxial extension tests under
constant major principal stress

o,=const,, (¢,+0;3)/2=const. and oz;=const.
tests under plane strain condition, with
respect to the relation among ¢,/0;, & and
&,. As shown here, the analytical results
represent the change in soil dilatancy due
to the difference of stress paths. Fig. 14
indicates the analytical variation of a param-
eter b=(0,—0;)/(06,—0;) with an increase

O3= 196 kNim2
——  plane strain
——— cOomp.
—-—  exi.

€3 (%) €1 (%)
Calculated stress-strain curves in

Fig. 16.
plane strain, triaxial compression
and triaxial extension tests wunder
constant minor principal stress

in 0,/0; in the same test as in Fig. 13, where
b=0.0 is the triaxial compression condition
and »=1.0 the triaxial extension condition.
It appears from this figure that the analytical
results of & are different depending on the
stress paths at the low stress ratio, but
converge to a certain value between 0.3 and
0.4 as the stress ratio increases. Such analyt-
ical results correspond with the experimental
results by the authors (Nakai and Matsuoka,
1980, 1983), and Lade and Duncan (1973).

Figs.15 and 16 show the analytical results
of plane strain,
triaxial extension tests on the sand under
constant major principal stress and constant
minor principal stress, respectively, in terms
of the relation between o¢,/06; and (e, and
g;). In these figures, each end of the cal-
culated curves represents the stress condition
at failure which is determined from the fail-
ure criterion based on the SMP in Fig. 3.
It is seen from these figures that while the
stress ratio at failure (o¢,/0;); under both
triaxial compression and triaxial extension
conditions is 4.6 from @ omp.) =P (exs.) =407,
(01/03) y under plane strain condition becomes
almost 5.7 (expressed in internal friction
angle, ®(rane straimy =44.5°).  Yamaguchi et
al. (1976) reported that @ (p1ane strain) becomes
46° when @(omp.y=41°, on the basis of
experimental results of triaxial compression
and plane strain tests on the Toyoura sand
(e,=0.66) which is a little denser than that
assumed here (¢,=0.68). The present ana-
lytical results (@ (prane sirain) =44.5° when

triaxial compression and
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Fig. 17.
simple shear test

Analytical model for

1.0 Ty -20
Simple Shear (57 )-080
Q)6
051 -{-10,
7 =196 kn/me o
Yo~ éré(%é§,o°
[
| sy (o) T
Fig. 18. Calculated stress-strain
curve in simple shear test
5
400~ o
t
3300
= ford
b /
200 ﬁ
SZ2=0%
100,
TTT—————
3
OO 1 é 3 & 5 6 7 : 9 10.
By (%)
Fig. 19. Calculated variations of

normal stresses (¢, o, and o)
and principal stresses (o,, o,
and a;)

D (comp.» =40°) also corresponds to this experi-
mental evidence.

Next, analysis of simple shear test will be
described. As shown in Fig.17, a state of
simple shear is produced by forcing the
upper part of the element to deflect in the
direction of the z-axis. The z-axis is taken
in the direction perpendicular to the z-y plane,
and a plane strain condition is assumed where
the strain in direction of the z-axis (g,) is
zero. The initial condition of the element is

y
principal axis
\él—
X

106
doy
- 56 de
' Or
o
'&y (°/a)
Fig. 20. Calculated direction of axes

of major principal strainincrement
(de,), major principal stress (o))
and major principal stress in-
crement (deo;) in simple shear test

assumed to be a K,-consolidation condition
(0,=196 kN/m?, ¢0,=0,=K,-0,=88.2 kN/m2).
Fig. 18 shows the analytical results of simple
shear test with respect to the relation among
the shear-normal stress ratio (7,,/0,), the
shear strain (y,,) and the normal strain (g,).
Fig. 19 indicates the variations of the three
normal stresses (g, ¢, and o,) and the three
principal stresses (g, 0,=0, and ¢;) obtained
in analysis. It is seen from Fig. 18 that the
shear-normal stress ratio at failure (7,,/0,)/
is 0.80, and the internal friction angle cal-
culated by the equation @ (ympiesneary =tan™!
(Tgyloy) s is 38.6°. By the way, at this time
the principal stress ratio (o,/d5); is almost
5.7 from Fig.19, and corresponds with the
value of plane strain tests in Figs.15 and 16
mentioned before ((01/03) s=5.7, P(p1ane strain)
=44.5°). When summerizing these analytical
results, it is clear that the internal friction
angle of simple shear test, D (ympiosnoar) =
38.6°, which is determined only from 7,
and o,, is smaller than that of triaxial com-
pression test (@ (comp.»=40"), though a simple
shear test is one of the element tests under
plane strain condition. Now, as shown in
Fig.19, the mean principal stress ¢, = (¢,+
ogy+0,)/3 in the simple shear test becomes
large as the shear strain increases, because
o and o, gradually increase in spite of o,=
const. Therefore, the stress condition of the
simple shear test may be fairly different from
the pure shear condition. Ochiai (1975) in-
dicated that the minor principal stress ¢; did
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not change in a direct shear test or a simple
shear test, on the basis of the following
equation by Oda and Konishi (1974).

f;ﬂ, —f-tan ¢ (59)

v
where ¢ is the angle between the y-axis
and ¢,-axis, and k¥ the material constant.
According to the analytical results in Fig. 19,
this Ochiai’s suggestion might be almost
appropriate.

Fig. 20 shows the analytical direction of the
axes of the major principal strain increment
(de,), the major principal stress (¢,) and
the major principal stress increment (dg,) in
the simple shear test, where the direction
angle « is taken positive anticlockwise as
indicated in the upper part of the figure.
It appears from this figure that the direction
of de, is between the direction of ¢; and the
direction of do, at small strains (at the low
stress ratio), but converge to the direction
of o, as the shear strain becomes large. This
is due to the fact that as the stress ratio
increases, the plastic strain becomes large
in comparison with the elastic strain, because
it is assumed in analysis that the plastic
principal strain increment and the principal
stress are identical in direction, and the
elastic principal strain increment and the
principal stress increment are identical in
direction. This analytical result also corre-
sponds to the experimental result of the
simple shear test on a sand by Roscoe et al.
(1967) shown in Fig. 21.

ANALYSIS OF SOIL FOUNDATION
WITH STRIP LOAD

Finite element analyses are performed for
the case that a uniform strip load is imposed
on a model foundation under plane strain
condition. The model foundation has a depth
of 24m and a distance of 34m from the
center of the load, and is divided into 99
quadrilateral elements (120 nodal points) as
shown in Fig.22. The bottom boundary is
assumed to be fixed, and the lateral boundary
is' assumed to be free only in the wvertical
direction. The half width of the strip load is

e Txy/oy

Y Zy/Sy
006,061
004,04

002,02

% (Stress increment)

60— —_—

/“g' (Strain increment)

ol

li(; 40 \'7') (Stress)
Z 0|
<20
1 ! 1 ! L |
0 o1 02 03
Fig. 21. Observed stress-strain curve

and direction of axes of major
principal strain increment (&),
major principal stress (¢) and
major principal stress increment
() (after Roscoe, Bassett and Cole
(3967))

4m. The material of the soil foundation is
assumed to be the afore mentioned Toyoura
sand, and the initial stress is calculated from
the unit weight of the sand y;=15.5kN/m?
and the coefficient of earth pressure at rest
K,=0.45. The loading surface is assumed to
be smooth. The computation is carried out
with the incremental procedure by using the
proposed constitutive equation. The accuracy
of the computation is considered to be satis-
factory, because there is no significant dif-
ference between the present computed results

C

N ¥

- q,' L~X

Slal [cT T

] »

E D [}
=
<
S

11, -L

i 340m -

™ b}

Fig. 22. Finite element mesh of soil

foundation with uniform strip load
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(m)

] 5. ,%“,6 S |- BRI (- N
(m)

Fig. 23. Computed displacement vectors

and the results computed with a halved
incremental load.

Fig. 23 shows the computed displacement
vectors at several points in the soil founda-
tion when the loading pressure ¢ changes
from 0 to 13,034 kN/m? which is the pressure
just before the solution of the simultaneous
equation diverges. It is seen from this figure
that the displacements in the lateral direction
become relatively large as the loading pres-
sure increases.

Figs. 24(a), (b), (¢) and (d) show the com-
puted distributions of local factors of safety
in the soil foundation at the loading pressure
q=6,762kN/m?, 9,898 kN/m?, 11,466 kN/m?
and 13,034 kN/m?, respectively. The factor of
safety F.S. is defined as F.S. =(7gyp/0sup) 7/
(Tsup/0sup), Where (Tgyp/dsup)y Tepresents
the shear-normal stress ratio on the SMP
at failure. The zone where local factors of
safety are relatively low develops mainly
downward when the loading pressure ¢ is
not very high as shown in Fig. 24(a), but as
q increases, the zone expands not only
downward but also laterally. And it is
interesting that this zone resembles the slip
surface obtained by the Terzaghi’s bearing
capacity theory in shape, as shown in Figs.
24(c) and (d). It is also seen that the
factor of safety of the zone beneath the
strip load, which is considered to be a
active wedge, is higher than that around this
zone. For reference, the Terzaghi’s ultimate
bearing capacity pressure with smooth surface
(Terzaghi, 1943) is nearly 3,500kN/m? when
¢=40°, and is nearly 9,000kN/m? when
¢=44.5° which almost corresponds to the
internal friction angle under plane strain con-

Q=676 kN/m?

(b)

[ ] F.S=1.0 EEEE10<F.S=s11
[ 1) <F.S.s1.2 EEEd12<F.Ss13
[CC13<FS.

Fig. 24. Computed distributions of
local factors of safety in soil
foundation

dition calculated by using the failure criterion
based on the SMP.

Figs.25 (a), (b), (¢) and (d) show the
changes in stress conditions of the elements
A,B,C and D in Fig.22, respectively, in
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<}5=4/o.5
6000 _/if,¢=4d
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% o element B //
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o % L+ —7io 20 p
SR aymd
(b)
Fig. 25.

terms of the relation between the shear
stress (0;—03)/2 and the mean stress (¢,+0;)/
2. As shown in Fig.25(a), although both
shear and mean stresses of element A in-
crease, the stress condition does not reach
the failure line under plane strain condition
which is represented by the broken line with
dots. This corresponds to the experimental
fact that the active wedge itself beneath the
footing does not fail. It is seen from Fig.
25(b) that the stress ratio of element B in
the passive zone decreases at first and then
increases. Next, the stress conditions of
elements C and D, which fail at the high
loading pressure, move along the failure
line after failure as shown in Figs. 25(c) and
(d). These results indicate that the redistri-
butions of stresses in the failed elements also
are made properly in the present analysis.

Fig. 26 shows the computed distribution of
local factors of safety in the case that the

element C

(k)

RelimiexE
2

o00- element D -

(kv/r2)

e

X0 @L0

pive
—‘5%91 (/D)

Cd)

Computed sfress paths of elements (A, B, C and D) in Fig.22

soil dilatancy due to anisotropic consolidation
is not taken into consideration (E;* and G,*
in Eq. (27) are assumed to be zero). In this
case, the volumetric strain due to consoli-
dation is given by Eq. (20) regardless of the
stress ratio. What is obvious on comparing

q=11466 kN/m?2

Fig. 26. Computed distribution of
local factors of safety in soil
foundation (in case that soil
dilatancy due to anisotropic con-
solidation is not considered)
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Fig. 27. Computed distribution of
local factors of safety in soil
foundation (in case that Mohr-
Coulomb’s failure criterion is
used)

Fig. 26 with Fig.24(c) is that in the case of
Fig. 26 the zone of F. S. 1. 3 does not expand
so laterally as in Fig.24(c), and the failure
zone (F.S. =£1.0) develops downward more
widely. Thus, in such analysis of the bearing
capacity problem where the mean stress of
soil elements increases, the analytical results
depends on whether the soil dilatancy due to
anisotropic consolidation is considered or not.

Fig. 27 indicates the computed results when
the Mohr-Coulomb’s failure criterion is
employed instead of the afore mentioned
SMP failure criterion. Although in Fig. 24(a)
the zone where local factors of safety are
relatively low (F.S. =1.3) does not expand
so widely, in Fig.27 the zone of F.S. 1.3
is distributed more widely and more laterally,
and the failure zone also develops. It is
estimated on comparison of these two figures
that the bearing capacity without considering
the effect of the intermediate principal stress
(in the case of employing Mohr-Coulomb’s
failure criterion) is much smaller than that
in the case of employing the SMP failure
criterion.

CONCLUSIONS

The main results of this paper are sum-
merized as follows:

(1) A generalized constitutive equation
is proposed on the basis of the idea that the
total strain increments of soil consist of the
plastic component due to shear, the plastic
component due to consolidation and the elas-

tic component. Both the plastic components
due to shear and consolidation are provided
by introducing the concept of “Spatial Mobil-
ized plane (SMP)” and the amounts of
strain increments based on the SMP.

(2) By using the proposed constitutive
equation, analyses of various kinds of soil
element tests are carried out; e.g. constant
mean principal tests under triaxial compres-
sion and extension, isotropic and anisotropic
consolidation tests under triaxial compres-
sion, extension and true triaxial conditions,
undrained tests under triaxial compression
and extension, plane strain tests, simple
shear test and so on. It is confirmed by
these analyses that the proposed constitutive
equation can explain uniquely the defor-
mation and strength characteristics of sand
and clay under various stress paths in
three-dimensional stresses. All the soil
parameters of the proposed constitutive equa-
tion can be determined from shear and
consolidation tests under triaxial compression
condition. :

(3) Finite element analyses of soil foun-
dation with strip load are performed using
this constitutive equation. It becomes clear
that these analytical results explain well the
various behaviors of deformation and failure
of soil foundation which are known empiri-
cally. Especially, the computed zone where
local factors of safety are relatively low
expand not only downward but also laterally
and distributed along the slip surface derived
from the Terzaghi’s bearing capacity theory.
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APPENDIX
The Transformation Matriz [T]
Plane Strain Condition:

In the plane strain condition that the strain
increment de, is zero and o,—axis coincides
with z-axis in direction, there are following
relations.

under

l,=m,=0
n,=1 (AL)
ng=mn,=0

If the major and minor principal stresses in
the x—y plane are o, and o, respectively,
and the angle 8 between ¢,-axis and z-axis
is-denoted as in Fig. A1, B is given by the
stresses (0, o0, and 7,,) as follows:
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Therefore, the transformation matrix [ 7] in

y o]} . .
Eq.17 is rewritten as follows under plane
strain condition :
O} - 2 1en2 —
\ ; cos 3 sin?f O
X sin? 8 cos*fs 0

Fig. A1l. Definition of angle [T]= _0 _0 1 (A 3)
B between o,-axis and sin2B —sin2p 0
x-axis 0 0 0

1 9 L0 0 0-

Lo ATy >

o 5 tan <0x—0'y> (oz=0y)
[ ,2_7@_) r
3 tan <ﬁdx——ay +2 (0,<0y)

(A2)
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